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PREFACE. 



No department of science has probably received more 
attention from scientific writers than Mechanics. There are 
numerous treatises on this subject in all the languages of the 
civilized world, adapted, apparently, to suit the intellectual 
and pecuniary means of all classes, and including the costly 
quarto and bulky octavo for the advanced mathematical 
student, as well as the sixpenny catechism for the use of 
children. Between these two extremes, books on the subject 
are innumerable. In adding one more to the number, tho 
writer does not feel any apology to be necessary, because, in 
the first place, he is not aware that any other treatise, with 
the same quantity of matter, and with so many engravings, 
is to be had at so low a price; and, secondly, if he has 
approached his subject with a proper appreciation of the 
principles upon which mechanical science is based, he can 
scarcely fail to convey to the diligent and attentive reader 
some idea of their grandeur, breadth, and generality. 

In every scientific work where principles are fairly laid 
out, the reader can supply facts and illustrations for himself ; 
and he may take it as the test of his progress, if, while 
thinking of the principle, facts rise spontaneously in his mind 
to illustrate it ; or if, while examining facts, he clearly per- 
ceive the operation of the governing principle. 

" * C. T. 

Bedford Place, Ampthill Scuta bjs, 
February, 184^. 



Digitized by Google 



PREFACE TO THE SECOND EDITION. 

The sale of the First Edition of this Work, consisting of 
7,000 copies, within the space of two years, is a sufficient proof 
that there was a demand for a cheap popular treatise on 
Mechanics, in which the peculiar difficulties of the subject 
should be fairly met instead of being slurred over ; and, as 
far as could be done with the merest elements of Mathe- 
matics, made intelligible to the non-professional reader. 

The brevity of the third and fourth parts, devoted to 
Hydrostatics and Hydrodynamics, has been complained of. 
This could have been remedied by one of two methods : — 
either by encroaching on the space devoted to the considera- 
tion of Statics and Dynamics, or by extending this shilling 
volume beyond seven sheets, thereby making the price two 
shillings. The writer considers that the adoption of either of 
these methods would have greatly injured the utility of the 

work. 

* 

The work has been carefully read for this Second Edition, 
which has been stereotyped. It is hoped that no material 
errors will be found in it to detract in the slightest degree from 
that success which the writer cordially wishes may attend 
the spirited Publisher who is contributing so nobly to the 
great cause of popular education. 

C. T. 

Bedford Place, Ampthill Square, 
1*/ May, 1851. 
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MECHANICS. 



Part I. — STATICS. 



L ON STATICAL FORCES OR PRESSURES. 

1, A body is said to be in equilibrium when the forces 
which act upon it mutually counterbalance each other, or 
when they are counterbalanced by some passive force or re- 
sistance. Thus a body suspended from the end of a thread 
is in equilibrium, because the attraction of gravitation, which 
would cause it to fall, is counterbalanced by the resistance 
of the thread, and by that of the point of suspension. A 
body may be in equilibrium without any apparent resistance. 
Thus a fish may be in equilibrium in the water, a balloon in 
the air ; but in such cases the weight which would cause the 
fish to sink, or the balloon to fall, is exactly counterbalanced 
by other forces, which will be considered hereafter. We 
may, however, regard all bodies which appear to us to be 
at rest, as being actually in a state of equilibrium, or equally 
balanced between or among forces which destroy each other. 

2. The conditions of equilibrium are determined by the 
science of Statics* as regards solids ; and by Hydrostatics*? 
as regards fluids. The laws which determine the motions of 
solids, form the science of Dynamics ;% while the laws of 
fluids in motion belong to Hydrodynamics. These four 
divisions form the science of Mechanics § in its widest 
sense ; that is, the science of forces, producing either rest or 
motion. 

* From (xraroc, standing still. t From water, and (rrarbs. 

X From dvvapic, force. § From fjttix av *li a machine. 

Mechanics, n 
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FORCES, HOW REPRESENTED. 



3. Forces that are balanced, so as to produce reft, are 
called statical forces or pressures, to distinguish them from 
moving, deflecting, accelerating, or retarding forces ; L e. snch 
as are producing motion, or a change in the direction or velocity 
of motion. This distinction being wholly artificial, and made 
for the purpose of facilitating study, must not mislead the stu- 
dent into the idea that these are different kinds of forces ; for 
the same force may act in any of these modes ; it may some- 
times be a statical, and sometimes an accelerating force ; but as 
the consideration of forces when balanced, is much more simple 
than that of forces in motion, it is convenient to separate the 
former, and to confine our attention in the first instance to 
them, or rather, to regard all forces in a statical point of view. 

4. Statical forces or pressures can, of course (like other 
quantities or magnitudes), be compared only with each other, 
but the ratio between any two quantities may be represented 
by the ratio between two other quantities, however different 
in kind from the first two ; thus, two pressures may have 
the same ratio as two lines, or two surfaces, or two bulks, 
or two times, or two numbers ; and these last are found the 
most convenient class of magnitudes by which to represent 
the ratios of all others. Now, when we represent magnitudes 
of any kind by numbers, we in fact compare them with 
some fixed or standard magnitude of the same kind, which 
we represent by the number 1 : thus, the units commonly 
used for comparing lengths, are inches, feet, miles, &c. ; and 
so also the units of pressure are ounces, pounds, tons, &c* 

* In strictness, however, these terms do not properly express nnits of 
pressure, but of mass (or quantity of matter) ; and they are used as 
standards of pressure, simply because the earth's attraction on a given 
quantity of matter is always the same at the same place, and differs but 
slightly in different places. But we must not forget that the same mass, 
in a different situation (as regards latitude, or level), would gravitate with 
a rather greater or less pressure. (See Introduction to the Study of 
Natural Philosophy, p. 67.) We must not therefore confound mass 
with weight, oecause the same names are applied to the unite of both ; 
for, in fact, tne units of pressure are ouite distinct from, though founded 
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EQUAL AND OPPOSITE FORCES. <* 

5. Forces may also (like any other magnitudes) be repre- 
sented by lines of definite lengths. A unit of length being 
taken to represent the unit of pressure, the length of the line 
represents the magnitude of the force ; but the line has this 
great advantage over a number, — its direction represents the 
direction of the force ; and its commencement or extremity, 
the point at which the force acts, or its point of application : 
thus, by a line, the force is completely defined in all its three 
elements; while a number can only represent one of them, 
viz., its magnitude. 

Agreeing, therefore, to represent a force by a number or by 
a line, a double force would be represented by a double num- 
ber, or by a line of double length, and so on. In this way 
forces can be brought under the domain of mathematical 
science, geometry serving to investigate their various rela- 
tions by means of lines, arithmetic by means of numbers, 
and algebra and trigonometry by the properties common to 
directions and magnitudes of all kinds. 

6. If two forces be in equilibrium at a point, they must 
be equal in magnitude, and opposite in direction. Two 
equal forces acting together, in the same direction, produce 
a double force ; three equal forces, a triple force, and so on. 
But whatever number of forces may act upon a point, and 
whatever their directions, they can only impart one single 
motion in one certain direction. We may, therefore, incor- 

on those of mass ; just as the latter are derived from those of length, and 
all of them from that of time; the connection heing as follows :— 

1. A pound pressure means, that amount of pressure which is«exerted 
towards the earth, in the latitude of London and at the level of the sea, 
by the quantity of matter called a pound. 

2. A pound of matter means a quantity equal to that quantity of pure 
water which, at the temperature of 62 deg. Fahrenheit, would occupy 
27*727 cubic inches. 

3. A cubic inch is that cube whose side taken 39*1393 times would 
measure the effective length of a London seconds pendulum. 

4. A seconds pendulum is that which, by the unassisted and unopposed 
effect of its own gravity, would make 86,400 vibrations in an artificial 
solar day, or 86163*09 in a natural sidereal day. 

B2 
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4 THE RESULTANT OF FORCES. 

porate all these single forces into one force, or resultant, 
capable of producing the same mechanical effect as the forces 
themselves, which are called the components. It is evident, 
that if to a system of forces a new force be added equal to the 
resultant, and acting in a contrary direction, equilibrium would 
be maintained. 

If, for example, a boat be moving by the force of the cur- 
rent, by the force of the wind, and by the oars, we may 
imagine a single force, such as a strong rope, to be attached 
to the boat, and drawn in such a direction, and with such a 
force, as the three forces together would produce. The cur- 
rent, the wind, and the oars ceasing to act, this rope would 
supply their place, and constitute their resultant Now it is 
evident that to this resultant we may oppose another force ; 
a rope, for example, acting or resisting with the same power, 
and in an opposite direction. The boat would in such case be 
as completely at rest as if it were at anchor. It could neither 
go forwards, nor backwards, nor move to either side, until 
some new force should act upon it, or some change should 
take place in the existing forces. 

When any number of forces act at a point in the same 
straight line, and in the same direction, the resultant is 
equal to their sum ; if the forces act in opposite directions, 
the resultant is equal to their difference. For example, let 
a point be pressed upwards with a force of 7 pounds, and 
downwards with a force of 4 pounds, the resultant is an 
upward pressure of 3 pounds. Let it receive pressures from 
the east of 3 pounds, 6 pounds, and 10 pounds ; and from 
the west, of 2 and 3 pounds. The resultant is, of course, a 
westward pressure of 3 + 6 + 10 — 2 — 3 = 14 lbs. If 
the forces in opposite directions be denoted by the opposite 
signs + and — , then the resultant is in all cases their alge- 
braical sum; so that, having taken the arithmetical sum of 
the forces acting in one direction, and also of those acting 
in the contrary direction, the difference of these sums is the 
resultant force, and it acts in the direction of the forces 
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FORCES ACTING ON THE 8AME POINT. 5 

which form the larger sum. When the resultant = 0, the 
forces balance each other. 

Hence we may add equal and opposite forces at any point, 
without affecting a system of statical forces. This is called the 
superposition of equilibrium. So also we may remove from 
any point in a system those forces which are equal and oppo- 
site, without disturbing equilibrium thereby. 

7. When two forces act upon a point in different direc- 
tions, the resultant is found more easily by the geometrical 
method. It is obvious, in the first place, that the line repre- 
senting the resultant must lie in the same plane which con- 
tains the directions of the two forces : for if not, on which 
side of the plane should it lie ? There is evidently nothing to 
determine it to one side more than the other. For the same 
reason, when the forces are equal, the resultant must bisect 
the angle between their directions, for it cannot be nearer 
one than the other.* Moreover, in all cases, whether equal 
or not, we naturally expect that the nearer they coincide in 
direction, the greater will be the resultant, and vice versa 2 
and as their exact coincidence makes it equal their sum, 
while their exact opposition makes it equal their differ- 
ence, we conclude that in all intermediate positions it will 
be less than their sum, and greater than their difference. 
But it is doubtful whether elementary mathematics will carry 
us further than this without the aid of experiment, t which 
teaches us the following beautiful law. 

Let the point p (Fig. 1) be acted on by two forces, press- 
ing in the directions p a and p B. From the point P, upon 

* Thii kind of proof, by what is called the principle qf sufficient reason, 
is, of very extensive use in Mechanics. 

f The first experiments for this purpose were made by Galileo, in some 
boats, at Venice, about the year 1592. This was the first step in indue 
tive (or natural) science, or the first direct question put to nature, at least 
since the time of Archimedes. But although this point was first deter- 
mined by experiment, it must be classed among abstract or necessary 
truths, being deducible from the simple principle above mentioned. The 
proof is too long to be given here. 
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6 PARALLELOGRAM OF FORCES. 

the line p a, measure off any length pa; and from the 
point p, upon the line p b, take a length p b bearing the same 
ratio to p a that the force b bears to the force a. The easiest 
way to do this is to make the lines P a, p b, contain respec- 
tively, as many units of length (inches or feet, for example), 

Fig. I. as the forces A b contain 

units of force (ounces or 
pounds, for example). 
Through a draw a line 
parallel to p b, and 
through b draw a line 
parallel to p a, and sup- 
pose these lines to meet 
ate. We thus get a pa- 
rallelogram, P acb; and 
the line p c, called its 
diagonal, will represent 
a single force acting in the direction p c, and consisting of as 
many units of force as the line p e contains units of length ; 
and this force will produce upon the point p the same effect as 
the two forces A and B produce acting together. 

This method of finding an equivalent, or the resultant of 
two forces, is called the parallelogram of forces, and is 
thus concisely expressed :— If two forces be represented, in 
magnitude and direction, by the sides of a parallelogram, an 
equivalent force will be represented, in magnitude and direc- 
tion, by its diagonal.— The two forces are called the com- 
ponents of the resultant. 

8. Any number of forces, acting at one point, can be com- 
pounded by the same rule. For instance, let the body x 
(Fig. 2) be pressed at once by the three forces, whose direc- 
tions are expressed by the arrows a, b, c, and their magnitudes 
by the lengths x a, x b, x c. We may first compound any 
two of them (such as a and b), by completing the parallelo- 
gram xadb, by which we find that the direction of their 
resultant is x d, and that its magnitude is to their magnitudes 
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PARALLELOPIPED OF FORCES. 7 

as the length x d is to the lengths x a^xb. We may then 
compound this resultant 
with the remaining force 
x c> by completing the 
parallelogram xd e c, the 
diagonal of which, viz. 
x e, will represent both 
the magnitude and direc- 
tion of the general re- 
sultant of all three forces ; so that a force of the magnitude 
expressed by this length x 0, and acting in the direction e x, 
would balance those three forces. Of course, the resultant 
of any greater number of pressures might have been found in 
the same way, by combining two at a time. 

In this problem, it matters not* whether the directions of 
the forces lie all in the same plane or in different planes. In 
the latter case, the three lines x a, x x c, would form the 
three edges that meet at one solid angle of a parallelopiped ; 
and by completing this solid figure (as shown by the outer 
dotted lines of Fig. 2), its diagonal x e will represent the re- 
sultant. Hence, whether we regard the lines of this figure 
as they really lie flat on the paper, or as the projection or pic- 
ture of a solid parallelopiped, the law is equally true. The 
same process is of course capable of being extended to any 
number of forces in different planes. 

9. The problem of the composition of force*, which is thus 
solved with so much ease by construction (or drawing on 
paper), often becomes extremely complex in calculation, 
especially when in dynamics the element of time is added, 
and the forces are of constantly- varying magnitude. In fact, 
it would scarcely be possible to arrive at some of the simplest 
results of its application to every branch of physics, if re- 
course were not constantly had to the inverse problem of the 
resolution of forces. It is constantly necessary to consider a 
force (however simple its origin) as capable of being resolved 
into two or three distinct forces, having different directions ; 
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8 COMPOSITION AND RESOLUTION OF FORCES* 

for it is evident that we may substitute for any given force, 
any number of other forces, having any given directions (not 
opposite to each other) ; for we may make the line x e the 
diagonal of any number of parallelograms, or parallelopipeds, 
having their sides running in any proposed directions. When 
their directions are decided on, their lengths will be discover- 
able ; and thus we shall know both the directions and magni- 
tudes of the forces into which, for convenience sake, the whole, 
or resultant force, has been resolved. 

10. Examples of the composition of pressure are of con- 
stant occurrence, as in the exertions of our limbs, the action 
of the various tools and implements which we employ, and 
the external actions in which we participate. It is frequently 
of importance to consider whether the component forces are 
employed so as to produce the best resultant ; that is, one 

acting in a direction most 
available for the object 
intended to be accom- 
plished, and with as small 
an expenditure of force 
as possible. 

Birds have a figure 
symmetrical with respect 
to a vertical plane, a b 
(Fig. 3), which passes 
through the body. When 
they fly, their wings exe- 
cute symmetrical move- 
ments, and strike the air with equal pressures. The resistance 
of the air to the pressure of the wings is perpendicular to their 
surface. Hence the direction of the resultant will be found 
by the parallelogram of forces, for which purpose draw c A 
and d a perpendicular to the surfaces of the two wings, 
these lines representing the directions of the forces by which 
the bird presses backward with each wing ; or, in other words, 
a c and a d are the directions of the resistances exerted by 
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EXAMPLES. 



the air against the two wings ; and neither of these pressures 
(when the wings are in this position) tends to impel the 
bird straight forward ; but their resultant does so ; for if the 
wings be similarly extended, and act with equal force, the 
lines a c and a d will make equal angles with the line 
a B, passing through the centre of the bird ; and two lines 
representing the intensities of the two pressures, as a e and 
a p, being equal, the diagonal a o will coincide with that 
line, and the motion of the bird will be directly forward. 

A man in swimming impels himself in directions perpen- 
dicular to the soles of his feet and the palms of his hands. 
If these forces be equal on either side of his body, -the re- 
sultant is a line passing through the centre of his body. 

The motion of a boat rowed by oars is evidently similar 
to the cases already noticed, where the forces are symmetrical 
on either side of a central vertical plane : but when sails are 
acted on by the wind, and the force thereby transmitted to 
the keel is modified by the action of the rudder, various 
problems arise, which are too complex to be studied here. 
We may, however, take a case, where the sail is supposed to 
be stretched so as to form a plane surface ; and, neglecting the 
action of the rudder, as well as that of any tide or current 
in the water, let us consider the force of the wind only. 
Let a b (Fig. 4) be the length or keel of a sailing vessel, 
and let the right line m n represent the projection of a sail, 
supported at o against a mast. Let o p represent in magni- 
tude and direction the force w, with which the wind acts 
upon the sail. Construct the parallelogram o c p J, of which 
o p is the diagonal. This force o p is evidently decomposable 
into two other forces ; the first, o c in the direction of the 
plane of the canvas, and producing no effect in advancing the 
vessel ; the second, o a\ perpendicular to the sail, which is the 
only force which presses on the sail and gives motion to the 
vessel. But o d may also be decomposed into two other 
forces ; the one o e in the direction of the keel or length of 
the vessel, and which tends to advance it in the direction of 

B 3 
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the arrow ; the other o f acting at right angles to the length 
of the vessel, so as to urge it sideways. The form of the 
vessel enables it to offer a great resistance to the latter 
force, and very little to the former, so that it proceeds with 
considerable velocity in the direction o E of its keel, and 



Fig. 4. 




makes very little lee-way, as the sideward direction o f is 
called.* Thus some idea may be formed of the manner in 
which a wind, which is sometimes within five points (or 
56\°) of being opposed to the course of the vessel, may, with 
the aid of sails judiciously applied, be made to impel it. 

* If this do not seem satisfactory, it must be remembered, that our 
present business is not with motions, but with pressures, and that we 
must consider, not what proportion the head-way bears to the lee-way 
(t. e. what proportion exists between the velocity of the vessel in the 
direction o e, and that in the direction o /), for statics has nothing to do 
with velocities ; but we must reduce the problem to its statical form, by 
imagining the introduction of such a force or forces as would produce equili- 
brium. Now this would (in the present case) require a greater force in the 
direction opposed to the lee- way, than in that opposed to the head-way ; for 
though the vessel moves faster forwards than sideways, yet she presses more 
in the latter direction than in the former, in the proportion that o f 
exceeds 01. 
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In the flying of a boy's kite we may study similar effects. 
To counteract (permanently) the force of gravity which 
would bring it to the ground, two other forces at least are 
required — viz. the wind, and the resistance of the string or 
of the point where it is fixed or held. The wind alone would 
keep it suspended, but only for a time — viz. until the kite had 
either turned its edge to the wind (so as to be pressed no 
more on the under than on the upper side), or else had become 
vertical, so as to be pressed only horizontally, and not upwards. 
If the kite had no tail, the former effect would rapidly ensue, 
and with a tail the latter would be equally certain. It is 
necessary, therefore, that the kite be inclined, and this is 
effected by the string being attached at such a point as to 
leave more surface (and therefore, a greater pressure of wind) 
below the point of attachment than above it. This excess of 
pressure on the lower half drives it to leeward, but only to 
a certain extent, where it is counterbalanced by the weight 
of the tail ; but the maintenance of the inclined position 
depends on laws which will be explained further on. It is 
sufficient for the present to observe, that the horizontal force 
of the wind w (Fig. 5), the intensity of which may be 
represented by the line o tr, must (like every other force that 
impinges obliquely on a surface, as on the sail in the last 
example) be resolved into two portions, one parallel, and the 
other perpendicular to the surface. The former portion o a 
has no effect ; the kite is pressed only by the other portion, in 
the direction o 6, in which direction it would move, if it 
maintained its inclined position, and were subject to no other 
force than the wind. But we have to consider two other 
forces, — the string and gravity. Supposing the string to pull 
in the direction o 8, we shall find the intensity of this force 
by resolving the whole effect of the wind on the kite, repre- 
sented by o ft, into two portions, o d perpendicular to the 
string (and therefore not resisted by it), and o c, which must* 
be balanced by an equal and opposite force in the string, 
which will accordingly be represented by o *. The action of 
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the string and of the wind would therefore he to urge the kite 
in the diagonal o dot the parallelogram olds; but with this 
we must further compound the force of gravity, which (the 



Fig. 5. 




kite being very light) we will represent by the short line 
o g, and this, compounded with o d, gives the resultant o F, 
in which direction the kite will rise when subject to all three 
forces, in the degrees here supposed. Supposing the wind 
suddenly to cease, we shall find the resultant of the string 
and of gravity by compounding o s with og, which gives o e as 
the direction in which the kite would then be pulled ; and 
this compounded with the effective portion of the wind's force, 
viz. o will give o f as before. In this direction, the 
kite will, under these circumstances, rise till it has attained 
a position where the three forces o b, o s, and o g are in 
equilibrium, t. e. where each is equal and opposite to the re- 
sultant of the other two, in which case we should on our con- 
st ruction find o F = 0, or the point F would coincide with o* 

* la order to raise tbe kite to its greatest altitude, the most advan- 
tageous angle for the kite to form with the horizon is 54° 44'; which is 
the same as the rudder of a ship should make with the keel, in order that 
the vessel may be turned with the greatest facility, supposing the current t 
to have a direction parallel with the keel ; and the same that the sails of a 
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11. The property of a system of statical or balanced forces 
acting on a point, that each is exactly equal and opposite to 
the resultant of all the rest, whatever may be their number, 
leads to a very simple and elegant theorem, called the Polygon 
of Forces. By this, any number of statical forces are repre- 
sented in direction and magnitude by the sides of a polygon, 
taken in order ; and they will, when applied to one point, 
produce equilibrium ; or, in other words, in order that the 
forces may form a polygon, they must be in equilibrium. 

In Fig. 6, let p 1 p 2 p 3 p 4 p 5 be forces in equilibrium acting 
on a point a, and represented in magnitude as well as in 
direction by the lines 

AP 1 , AI' 2 , Al' 3 , AP 4 , AP 5 . 

To find the resultant 
of p 1 and p 2 , complete 
the parallelogram A p l 
cp 2 , ac will represent 
this resultant. Com- 
pounding this resultant 
with the force p 3 , by 
means of the parallelo- 
gram ac d p 3 , we see that 
a d represents their re- 
sultant, or the resultant of p 1 , P 2 , and p 3 . Compounding this 
last resultant with the force p 4 , by the parallelogram a p 4 e d, 
we see that their resultant is represented by the line a e, 
opposite in direction to the last force p 5 , and equal to a p*. 
This line completes the polygon a p 1 c d e a, of which the sides 
a p 1 , p 1 c, c D, D E, e a represent severally, in magnitude and 
direction, the forces P 1 , p 2 , p 3 , p 4 , p*. 

It is not necessary that the forces should all lie in ono 
plane : but we may, perhaps, make this theorem clearer by 
attaching a number of pulleys to a vertical plane, such as an 

windmill, and the vanes of a smoke-jack, or of a screw-propeller, should 
make with the plane of their rotation. The reason cannot be shown in 
tliiB elementary work. 
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upright board, and carrying over them the lines which 
represent the forces, and attaching weights to their extremities, 



Fig. 7. 




as in Fig. 7. Then take 
any part a a on the string 
A and from a on the 
board, draw a line paral- 
lel to the string a w, and 
take a part a b upon that 
parallel, such that a a is 
to a b, as m is to n. Again, 
through b draw a parallel 
to the string a o, and on 
that parallel take a part 
b c such that ab isto b c 
us N is to o. In like 
manner, draw c d parallel 
to A p, and such that 
b c : c d : : o : p ; and draw 
d e parallel with a and bearing the same relation to the other 
lines that q bears to the other weights. Finally, join the 
points e and a by a right line. A single force u, acting in 
the direction of the line e a, and having the same ratio to 
each of the other forces as the line e a has to the side 
of the polygon, which is parallel to that other force, will pro- 
duce a pressure on the fixed point a, equivalent and opposite 
to the combined actions of the forces m, n, o, p, q. This may be 
proved by attaching auy weights at random to the various 
strings, and (when they have settled in equilibrium) making 
the construction above described, beginning with any side of 
the polygon, and making all its sides, except one, parallel 
with their respective strings, and with lengths proportional 
to their respective weights. The remaining side will then be 
found to lie always in a straight line with the remaining 
string, and to have the exact length proportioned to the 
remaining weight. 

12. Parallel Forces. — It is evident that forces may be made 
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to act side by side with quite as much effect as in the same 
straight line. Two horses drawing a cart may of course be 
placed side by side, or one before the other, and the effect 
will be the same. Hence, the resultant of two parallel forces, 
acting in the same direction, is equal to their sum ; it has the 
bame direction with them, and when they are equal, is applied 
at a point midway between their points of application. All 
this is obvious from the principle of sufficient reason ; but 
when they are unequal, their resultant, though still parallel 
with them and equal to their sum, does not act midway 
between them, as we shall presently see. And when they 
are equal, but act in contrary directions, they have no simple 
resultant, for they tend to produce rotation, and this tendency 
cannot be counterbalanced by any single force. But let us 
here confine our attention to the simple case of such parallel 
forces as are equal, and have the same direction. 

The resultant of a number of parallel forces is obtained by 
a principle which is called the equality of moments, on which 
we shall enter shortly. It will be found that the point of 
application of this resultant will depend solely on the points 
of application and the intensities of the components, and will 
not be affected by any change in their directions, so long as 
they retain their parallelism and equality to each other. 

II. THE CENTRE OF GRAVITY. 

13. The forces with which the particles of a body at the 
earth's surface tend to descend, or, in other words, their weights 
or gravitating forces, may be considered as parallel to one 
another, since they converge towards a point, the earth's centre, 
the distance of which may be regarded as infinite, compared 
with the size of the body. Now all these equal and parallel 
forces, infinite in number as they are in a body of any size, 
may be replaced by a single force applied to a certain point ; 
and this point of application is called the centre of gravity of a 
body, or the centre of parallel and equal forces. It is a charac- 
teristic property of the centre of gravity, that it is a fixed 
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point in the interior of solids, and does not change, whatever 
position these bodies may be placed in, with respect to gravity. 
Thus the point o (Fig. 8) is the centre of gravity of the body 
abc, whether the point c be upwards or downwards, or in 
any other position ; for, as we have already stated, the point of 



Fig. 8. 




application of the resultant of parallel forces is independent 
of the direction of these forces. 

14. In order that a heavy and perfectly rigid body* be in 
equilibrium, there is only one condition to be fulfilled, namely, 
that its centre of gravity be supported. Consequently, 
if the centre of gravity be fixed, we may turn the body 
about in all directions, and it will always rest in what- 
ever position it may be placed, because it will always be in 
equilibrium. When a body is supported at a fixed point, 
which is not the centre of gravity, equilibrium can be main- 

* That is, a body supposed to be totally incapable of any change of 
form. In Mechanics, it is constantly necessary to abstract or omit the 
consideration of certain properties of bodies, in order to reduce a problem 
to its simplest form ; for these complicating circumstances can always be 
added afterwards, one by one, though it would be impossible to encounter 
them all at the outset. Hence it is necessary at first to assume a perfec- 
tion not found in any natural body ; and as in geometry we must consider 
lines without breadth, and surface without thickness ; so in Mechanics we 
must assume imaginary solids, fluids, and airs, which are not the solids, 
fluids, or airs of nature. The solids must be perfectly inelastic, or else 
perfectly elastic, the levers without flexibility, cords without rigidity, 
liquids without compressibility or viscosity, and airs must have their 
density and elasticity always proportional. 
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tained only when the centre of gravity is in the vertical of the 
fixed point, either above or below. This consideration affords 
an experimental means of finding the centre of gravity in a 
body. Suppose we have to fix a handle to a sextant a (Fig. 9) 
in the best position for holding it steadily. This position will be 
at its centre of gravity. It must be suspended, as at a, by 
means of a thread from some point of its surface, as c; and when 
at rest, we mark, as accurately as possible,- the point m, or the 
point at which the thread would come out if it had proceeded 



Fig. 9. 




in its straight course through the body. From what has 
been said, it is evident that the centre of gravity must be 
situated somewhere in this line c m. The centre is exactly 
found by suspending the body from some other point, as at 
B, and marking the vertical continuation of the thread, as at 
n. The centre of gravity is also in this line, d n, and must 
therefore be at the point where the lines c m and d n cross 
each other. 

With heavy bodies the experiment is made by turning 
them on their sides, or placing them upon narrow supports ; 
but for bodies whose forms are regular, and the substance 
homogeneous, • or of uniform density throughout, the centre 
of gravity is determined by certain geometrical rules. Thus, 
the centre of gravity of a cylinder is evidently the middle 



Google 



is 



CENTRE OP GRAVITY. 



of its axis ; and whenever a body possesses a centre of figure, 
i.e. a point so situated that every plane which can be con- 
ceived to pass through it must bisect the body, this point is the 
centre of gravity (supposing the body to be of uniform density). 
Moreover, whenever a body has an axis of figure, that is, a 
line, every plane passing through which bisects the body, 
then the centre of gravity must be somewhere in that line. 
Consequently, when the body has more than one such axis, 
the centre must be found at their intersection. In other 
cases, however, and especially when the body is not homo- 
geneous, the deduction of the centre of gravity becomes too 
complex to be useful, considering how easily it can always 
be found by experiment.* 

The centre of gravity is not necessarily in the body, but 
may be in some adjoining space. This is obviously the case 
with a ring, an empty box, and, in general, any hollow 
vessel. 

In Theoretical Mechanics, the principle already noticed, 
of abstraction, or considering certain properties of matter 
apart from others, has often to be carried so far, as to assume 
bulk without weight, or weight without bulk. Hence an 
imaginary heavy line, or heavy surface, may have its centre 
of gravity found; and if the line or surface be curved, it is 
obvious that this centre must in general lie out of the line 
or surface itself. 

15. Centrobaryc theorem, or Method of Guldinus. — These 
centres of gravity of lines or surfaces (which can be found 
approximately by experiments on thin wires or plates) afford an 
oasy means of solving certain useful problems in mensuration, 

* The following rules may, however, be useful. Every pyramid or 
cone has its centre of gravity at £ of its height, from the base, — every 
paraboloid at £ of its height,— every hemisphere or hemispheroid at 
— a hemicylinder at '4244 of its radius from the axis of the cylinder. To 
find the distance of the centre of gravity of any segment of a disc or 
cylinder, from the axis, divide the cube of the chord by twelve times the 
area of the segment. To find the same in & sector, multiply twice the chord 
by the radius and divide by three times the arc. 
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the solution of which deductively (or by pure mathematics) 
would be extremely difficult, if not impossible. For instance, 
any solid of revolution, however complex or irregular its out- 
line, may have both its solidity and its superficial contents found 
*by the following very simple methods. Let a (Fig. 10) be the 
solid, and a b c its half section, or that plane figure which, in 



Fig. 10. 




revolving round the line a c as an axis, would require a 
space equal and similar to the solid — or, as it is commonly 
expressed, would generate the solid. Cut out this figure 
in some thin substance of uniform thickness, and by sus- 
pending it as above described (Fig. 9) find its centre of gravity, 
which we will suppose to be g. Now the volume of this solid 
is equal to the product of the area a b c x into the circum- 
ference described by the point g (which circumference will 
of course be found by applying the well-known multiplier, 
3*14159, &c. to twice the distance of g from the axis, or 
twice d g). Again, to find the surface of the solid or of any 
portion of it, as formed by the revolution of the whole or 
any portion of the curve a b c, bend a wire into the form of 
that portion required. Let this wire be e f and suppose that 
, (by suspension) we find its centre of gravity to be at <f ; 
then the surface generated by the revolution of e f = its 
length x the path described by its centre of gravity, which 
path is found, of course, by multiplying its radius g' h by 
twice 3-14159, &c. 



Digitized by Google 



20 EQUILIBRIUM, STABLE, 

Among other useful deductions from the properties of the 
centre of gravity, we may observe that the force expended in 
erecting a building, or lifting all its materials from the ground 
to their places, is the same as would be required to lift them 
all to the height of the centre of gravity of the building. 

1 6. It has been said that the only condition of equilibrium 
in a solid body is, that its centre of gravity be supported. 
There are, however, various ways in which this condition is 
fulfilled, according as the body is suspended from fixed points, 
or placed upon supports. If the hand of a clock moved 

freely upon its axis on a 

n * vertical dial, abgd (Fig. 

11), in order that its centre 
of gravity be supported, it 
must be in a vertical plane 
passing through the axis ; and 
this can only take place when 
o, the centre of gravity, is 
below or above the axis, as 
at g' and g, which gives two 
positions of equilibrium ; one 
of which, when the hand is 
below the axis, is called 
stable equilibrium, because, in drawing the hand aside and 
letting it fall, it will oscillate a few times, and then settle in 
this position, g'. On the other hand, when g is above the 
axis, the equilibrium is said to be unstable, because, on 
moving the hand aside, it would not return to its previous 
position. Between these two positions, equilibrium is im- 
possible ; and although, in the case of a clock, the hand is 
retained in all positions by its friction against the axis, yet 
there is a constant tendency in the hand to drag the axis 
into a position of stable equilibrium, and the more so in pro- 
portion as the centre of gravity is removed from the 
vertical. Thus, with a heavy clock hand, in which the 
ceijtre of gravity is far removed from the axis, the clock 
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would gain from 12 to 6 a.m., and lose from 6 a.m. to 12, 
were it not for the counterweight usually attached in large 
docks, as shown at /. 

17. A body placed upon a horizontal surface, touching 
it only at one point, may assume various positions of equi- 
librium, some of which are stable, and some unstable; aud 
there are other positions which are said to be indifferent, 
because when the body is disturbed therefrom it does not 
tend either to regain its former position, or to increase the 
disturbance, but simply remains in the new position. If 
from the centre of gravity of a body, rays are produced to 
every part of its surface, the greater number of these rays 
are oblique to such surface; but there are always some 
which are perpendicular, or normal thereto, whatever be the 
external form of the body : there is, in general, a maximum 
ray among them, and a minimum ray, both normal to the 
surface. There are also other rays which are maximum or 
minimum among the surrounding rays, and which are 
essentially normal. It is evident, then, that if the body 
touch the horizontal plane by the extremity of one of these 
normal rays, the centre of gravity is in the vertical of the 
point of contact, and there is equilibrium. If, on the con- 
trary, the body touch the plane at the extremity of an 
oblique ray, the centre of gravity is not sustained, since it 
is no longer in the vertical of the point of contact.* 

18. If the ray of the point of contact be normal, but not 
maximum nor minimum, but simply equal to the neighbour- . 
ing rays, the equilibrium is indifferent Such is the case 
when a sphere is placed on a horizontal plane ; it is in equi- 
librium in every position, and consequently in indifferent 
equilibrium, for the centre of gravity can fall no lower than 
it is. Now, if a portion of the upper part be removed (as 

* It may be stated generally that a body is in the position of stable 
equilibrium when the centre of fravity is the lowest possible, because in a 
body free to move in any direction, the centre of gravity always assumes 
the lowest possible position. 
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by making a hole there), the equilibrium becomes stable* 
because the centre of gravity is brought below the centre of 
figure, there being in such case more matter below the centre of 
figure thau above it. Now, in this case it is easy to see that 
the ray from the centre of gravity to the point opposite the 
hole is a minimum ray; but let the hole be filled up, by 
inserting a small cylinder long enough to project beyond the 
surface ; it is now plain that the centre of gravity being 
nearer this projection than the opposite point, a ray drawn 
to the latter will be a maximum ray, so that the balance 
thereon will be unstable, because any motion sideways tends 



Fig. 12. 




to lower the centre of gravity, and to enable it to fall still 
lower; whereas, when a body rests on a minimum ray, 
any rocking must raise the centre of gravity, so that it will 
fall back to its previous position. If the normal ray of the 
point of contact be only the minimum among several other 
neighbouring rays, equilibrium is stable only as far as these 
rays extend ; and lastly, if the ray is in one direction equal 
to adjacent rays, whilst it is in other directions a minimum, 
equilibrium is indifferent in the one direction, and stable in 
the other directions. This is the case with an egg placed 
on its side. 

An egg on one end is resting on a maximum ray, and 
is therefore in unstable equilibrium, so that it cannot in 
general remain thus poised for a moment. There are two 
modes, however, by which this feat is sometimes accom- 
plished, both of which afford good illustrations of the 
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above principles. If we neglect the difference between the 
two ends, and regard the egg as having a centre of figure 
(14), this would also be its centre of gravity if it were of 
uniform density. Although the yolk is denser than the 
white, yet if they be concentric, as in Fig. 13, a, the centre 
of gravity will still be at their common centre G, and the 
ray a will plainly be longer than b b, &c, rendering the 
equilibrium unstable in every direction. But if the egg be 
shaken, so as to break the membrane that encloses the yolk, 
and allow that fluid to sink to the lower end, as in Fig. 13, b, 
the centre of gravity is lowered, and may in some cases be 



Fig. 13. 




below o', the centre of curvature of the surface at the point of 
contact ; in which case the ray a' will become a minimum 
with regard to b' b\ &c, and the equilibrium will be stable. 
This is more likely to happen, the shorter or more spherical 
the egg ; but it is also more probable at the small end than 
at the large, because the latter contains a cavity full of air, 
which must throw the centre of gravity towards the small 
end. The other method (commonly ascribed to Columbus) 
consists in scraping off a little of the shell, so as to flatten a 
small extent of surface (Fig. 13, c), when (the centre of 
gravity remaining at g") the ray a" becomes a minimum 
among all those drawn to this small surface (all those between 
b" and b n for instance), so that if the egg be not disturbed 
beyond this extent, it will stand. 
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19. When a body is supported on a plane by two points, 
the vertical, let fall from the centre of gravity, ought to fall 
upon the line which connects these two points. Thus, in 
two- wheeled carriages, the vertical of the centre of gravity 
ought to fall between the wheels, and upon the line which 
unites their point of contact with the ground. If it fall either 
in advance or in the rear, the carriage is too much loaded in 
front or behind. When carriages go down hill, they are liable 
to upset, if the centre of gravity fall out of the line of contact 
of the wheels, but this is less likely to happen with large 
wheels and a heavy load placed low down. 

20. When a body rests upon a base more or less extended, 
equilibrium obtains only when the vertical of the centre of 
grav-ity falls within the area of the base. It matters little 
whether this base be continuous or not ; the base of a square 
table, supported on four legs, is formed by the square of 
which the four legs form the four corners. In proportion as 
the base is extensive, the centre of gravity may be disturbed, 
without deranging the support of the body. 

21. A variety of toys, and feats of posturing, &c, depend 
upon the dexterity with which the vertical of the centre of 
gravity is supported on a very narrow base. In some toys, 
the base is fixed, but exceedingly narrow ; and on this base 
are placed the hind legs of the figure of a prancing horse, 
and the figure rocks backwards and forwards in an appa- 
rently impossible position, by means of a leaden weight 
attached to the further end of a bent wire, proceeding from 
the lower part of the figure, the effect of which is to throw 
the centre of gravity below the centre of motion ; in which 
case, equilibrium is always stable, because every disturbance 
must raise the centre of gravity above its natural (or lowest) 
position, to which it will therefore return, as is the case 
with a pendulum, or any hanging body. In balancing rods 
on the hand, chin, &c, the base is in constant motion, and 
the art is to keep this base under the centre of gravity. The 
tight-rope dancer has the double disadvantage of a narrow 
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and also a moveable base. He is greatly assisted by holding 
in his hands a heavy pole, the effect of which is to remove 
the centre of gravity from his body into the centre of the 
pole ; or rather, the centre of gravity of the dancer and of 
the pole taken together is situated near the centre of the 
pole, so that, as has been well observed, the dancer may be 
said to hold in his hands the point on the position of which 
the facility of his feats depends. Without the aid of the 
pole, the centre of gravity would be within the trunk of the 
body ; and those performers who dispense with the pole 
may astonish more, but their motions are far less graceful, 
because they are unable to modify the position of the centre 
of gravity with ease and rapidity. 

III. PARALLEL FORCES MOMENTS OF FORCE THE PRIN- 
CIPLE OF VIRTUAL VELOCITIES. 

22. We have seen that when the centre of gravity of a 
body is supported, there is equilibrium, and that if a rigid 
line or axis be passed through the centre of gravity, as in 
Fig. 11, the body will rest indifferently in any position. 

The centre of gravity, then, in any body may be regarded 
as the centre of any set of equal and parallel forces acting in 
the same direction on all the particles of the body ; that is 
to say, it matters not in what direction these parallel forces 
act, provided they act all in the same direction, their resultant 
will always pass through this point. 

23. We have seen that the resultant of two parallel and 
equal forces is a parallel line lying midway between them ; but 
we have now to observe that when they are unequal^ the re- 
sultant is no longer half-way between them, but so situated 
that its distances from them shall be inversely as their inten- 
sities. The property of the centre of gravity enables us to 
prove this in the following manner. Let a b (Fig. 14) repre- 
sent a rigid bar of equal thickness and density throughout its 
length. It may obviously be balanced on a single point at 
its centre c, so that all its weight acts as if it were concen- 
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trated at this one point. The same would be true of any other 
such bar ; for instance, if we suppose the bar to be divided 
into two bars of unequal lengths A D and d b, the former 
might be balanced on its centre E, and the latter on its centre 
F. Hence we see that two parallel and unequal forces (viz, 
the weight of a d and the weight of D b), acting at the points 
E and f, have not their resultant passing through the centre 
between E and f, but through c, which is nearer e than F in 
the exact ratio that the force at E exceeds that at F; for the 

weights of the two 
bars a D and d B are 
as their lengths, and 
it is easily seen that 
E c equals half the 
length of D b, and 



Fig. 14. 



K 1 



that f c equals half the length of A D ; so that the distance 
E c is to the distance F c inversely as the weight whose 
centre is at e is to the weight whose centre is at f. To test 
the truth of this conclusion, suspend from these points e 
and f two additional weights, bearing the same ratio 
to each other as the weights of a d and D b, so that the 
ratio of the whole force at E to the whole force at f, may 
remain unchanged ; and we shall find the balance of the 
bar continues undisturbed, though there is manifestly more 
weight on one side the fulcrum c than on the other. 

24. Hence we learn, that when two parallel but unequal 
forces are supported or balanced by a third, this third force 
Fig. 15. must be equal to the sum of 

the other two ; it must act in 
the contrary direction, and 
must be applied at a point 
nearer the greater force than 
the less, its distances from them 
being inversely as their inten- 
sities. Thus, in Fig. 15, any 
two parallel forces acting at 
A a', and having their intensities expressed by the lengths a b 
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and a' b', will be balanced by a force whose intensity is ex- 
pressed by the length r p = a b + a' b', provided it act at a 
point p, so situated that pa : p a : : a b : a' b'. And it 
matters not what may be the common direction of the three 
lines representing these forces, provided they be all parallel ; so 
that if a' b' and a b move into the positions a' d and a c, with- 
out any change of intensity, then R p must be moved into the 
position r' p, and the equilibrium will remain undisturbed. 

When therefore a force, applied to any point of an inflexible 
bar, supports two other forces applied in the contrary direc- 
tion to two other points of the bar, the above conditions must 
apply. Thus, in Fig. 16, when the three forces at b, a, and 
a are in equilibrium, b : a : : the distance a a : the distance 
B a. In its present Fig. 16. 

position, the figure 
may represent a steel- 
yard, b and a the 
weights pulling down 
its two ends, and a 
the upward reaction 
of the point of support ; but if we turn the figure upside 
down, then it may represent a pole, by which two porters 
are carrying a load, the weight of which acts at a. In such case 
B and a will be the upward forces which the porters must exert 
in order to support it ; and it is thus evident that the bur- 
then is not shared equally between them, uuless its centre 
of gravity be over or under the middle of the pole. In its 
present position, b has to support more than a, in the pro- 
portion that a a exceeds b a. 

25. When one point of a rigid body is supposed to be im- 
moveably fixed, the effect of any forces applied to that body 
can only be to turn it round the fixed point, as a centre of 
motion ; and when two points are fixed, the motion can only 
be round the line joining them, which thus becomes'an axis. 
Now it is plain from what has been said above, that, in these 
cases, two forces which tend to turn the body in contrary 
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directions will be in equilibrium if their intensities are in- 
versely as their distances from the centre or axis ; that is, if 
a : b : : the distance of b from the axis, or a b : the distance of 
» a from the axis, or a a. But in every proportion, the product 
of the first and last terms is equal to the product of the second 
and third; or, as it is commonly said, the m product of the 
extremes = that of the means. Thus, instead of saying that the 
forces a and b are inversely as the distances a a and a b, we 
may express the same thing by saying that the product of the 
force a x the distance a A = the product of the force B x the . 
distance a b. That is, if both forces be measured by the same 
unit of pressure (both in ounces or both in pounds, for ex- 
ample), and if both distances be measured by the same unit of 
length (both in inches, or both in feet, for example), then, the 
number that represents each force being multiplied by the num- 
ber that expresses its distance from the axis, the product will 
be the same in each case. Thus, if a straight bar be balanced 
(as in Fig. 16), and, at the distance of one foot from its fulcrum, 
or point of support, a weight of 12 pounds be suspended, it 
will be found that this weight will be balanced by a weight 
of 6 pounds, distant 2 feet on the other side of the fulcrnm ; 
or by a weight of 4 pounds at the distance of 3 feet ; or by 
a weight of 3 pounds at the distance of 4 feet. Now by 
multiplying these weights by the number of units (feet) re • 
presenting the distances from the centre, we get in each case 
12 ; thus, 6 pounds at 2 feet =12 pounds placed at 1 foot; 
or, 6 x 2 = 12 x 1. In like manner, 4 pounds at 3 feet, or 
4 x 3 = 12 ; and 3 pounds at 4 feet, or 3 x 4 = 12. 

These products are called the moments of the force, and it 
is important to observe that any two forces applied to a body 
supported on an axis, and tending to turn it round, will be 
in equilibrium when the moments of the two forces are the* 
same. In like manner if the moment be doubled or halved, 
or increased or decreased in any proportion, the efficacy of 
the force in turning the body round the axle is doubled or 
halved, or increased or decreased, in exactly the same pro- 
portion. For example, if the weight of 12 pounds in the 
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last example, situated at 1 foot from the axis, be brought 6 
inches nearer that axis, its moment is reduced one half, and 
to produce equilibrium, the moment of the weight of 6 
pounds on the other side of the axis must be halved also, 
either by bringing it to one foot from the axis, or by re- 
ducing its weight to three pounds ; or if the counterbalancing 
weight be at 3 feet, it will be 2 pounds ; or if at 4 feet, it will 
now be l£ ; and it will be found that each of these weights, 
multiplied into the distance, will equal 6, as the weight on 
the other side (12 pounds) x its distance (J afoot) = 6. 

26. It may be evident also from what has been said, that 
by increasing the number of forces on each side of the axis, 
the body will be in equilibrium, provided the sum of the mo- 
ments on one side of the axis equal the sum of the moments 
on the other side of the axis. For instance, suppose that on 
one side of the axis we have three weights, a, b, c ; a of 
2 pounds, at the distance of 2 inches ; b of 3 pounds, at the 
distance of 3 inches ; and c of 3 pounds, at the distance of 
5 inches. ^ moment 0 f a is 2 x 2 ~ 4 

The moment of b is 3 x 3«« 9 
The moment of c is 3 x 5 = 15 



Then the sum of the moments on 
one side of the axis • • 

Now, suppose that on the other side of the axis we have 
two weights : d, of 4 pounds, at the distance of 4 inches ; and 
E, of 2 pounds, at the distance of 6 inches. Then 

the moment of d is 4 x 4 = 16 
and the moment of e is 2 x 6» 12 

and the sum of the moments on i 

i —28 

the other side of the axis . . j 
Hence, if several forces tend to turn a body round its 
axis, they will be in equilibrium if the sum of the moments 
of those forces which tend to turn it round in one direction, 
be equal to the sum of the moments of the forces which tend 
to turn it round in the other direction.* 

* It may here be stated, that in order to measure the effects of forces, or 
to find a resultant, an imaginary axis m*y be assumed anywhere in or out 
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27. As the principle which we are now illustrating is the 
most important in the whole range of mechanical science, and 
may indeed be considered as the basis of mechanical science, 
it is desirable to illustrate it by another method. If two 
weights in equilibrium, as in Fig. 16, at the extremities a 
and b of a bar supported on an axis a, passing through its 
centre of gravity, be made to oscillate gently through a small 
space, it is evident that the spaces moved through by the 
two ends of the bar will be directly as their distances from 
the axis ; for, the angles a a m and Ban being equal, the 
arcs a m and B n, are as their radii a a and a b. For in- 
stance, if the weight B be 12 pounds, suspended at 3 inches 
from a, its moment may be expressed by the number 36 ; 
and it will be balanced by a weight of 6 pounds, 6 inches 
from a, because its moment is also 36. Now if these two 
weights be made to oscillate through a small space, such as 
B m, for the weight which descends, and a n, for the weight 
which ascends, the latter space will be only half the former, 
because it bears the same ratio to a B (or 3 inches) that a m 
bears to a a (or six inches). 

Hence, if b n be one inch, a m will be two inches, and 
the products of these two quantities, with their respective 
weights, will be equal to each other ; that is, the effect of 1 2 
pounds moving through 1 inch, or of 6 pounds moving 
through 2 inches of space, is the same. And though we are 
not now concerned with motions, but with pressures, the 
same principle applies to them. Any two pressures, how- 
ever unequal (a pressure of one pound and one of 1,000 pounds, 
for instance), will balance each other, if they are so applied 
that the motion of the first through 1,000 inches would be 
necessarily accompanied by a motion of the second through 
one inch, and vice versd. Any means by which this connection 
between the two pressures is effected, is called a machine. 

of the body, and then the distances of the forces being measured from this 
imaginary axis by perpendiculars let fall from it upon their respective 
directions, the principle of the equality of moments obtains in respect to 
those forces about that imaginary axis. 
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IV. THE MECHANICAL POWERS. 

28. The principle which has thus been illustrated (27), is 
known under the name of the principle of virtual velocities, and 
is that which regulates the action and constitutes the efficacy 
of every machine in which power is employed to overcome 
weight or resistance. In the composition of machines, it is 
usual to speak of six mechanical powers ;* namely, the lever, 
the wheel and axle, the pulley, the inclined plane, the wedge, 
and the screw; although in reality these contrivances are 
but applications of the principle of virtual velocities, whereby 
a small force acting through a large space is converted into 
a great force acting through a small space. But in this 
there is no gain of power, neither is there any loss ; the ad- 
vantage is in its application. Every pressure acting with a 
certain velocity, or through a certain space, is convertible 
into greater pressure, acting with a less velocity, or through 
a smaller space ; but the quantity of mechanical force is not 
altered by the transformation, and all that the mechanical 
powers can accomplish is to effect this transformation. 

29. Before proceeding further with our subject, it may be as 
well to notice that the laws of mechanical science are founded 
on the principle, explained at page 16, note, of considering 
the various properties of bodies (as weight, rigidity, elasti- 
city, &c.) apart from each other, before attempting to put 
them together, as they really exist in natural bodies. Thus, 
in the above reasonings on bars or levers, we confine our 
attention at first to one property — viz. their rigidity, neglect- 
ing the effects of flexibility, &c. ; because these effects can 
afterwards be separately considered and allowed for. Thus, 
in order to facilitate the study of Mechanics, and even to 
render it possible, it is necessary to assume, at first, a per- 
fection which does not exist. The effects of forces, as they 

* More properly, mechanical elements, or simple machines, by the 
combination of which, all other machines are formed. 
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are modified by machines of various kinds, could not be 
studied, without some provision of this kind ; thus, cords and 
rods, or levers, which are machines of the simplest kind, are 
considered as without weight, the cords perfectly flexible, 
and the levers perfectly rigid. In short, bodies must be 
deprived of one or more of their essential properties, or 
mechanical problems would be too complicated for solution ; 
but having obtained a solution on these terms, we are then 
in a condition to modify the result by considering the effects 
of friction, adhesion, weight, elasticity, compressibility, and 
such like elements, which had been omitted in the first solu- 
tion of the problem. 

30. The Lever. — The lever is a bar or rod, supposed to be 
perfectly rigid, and without weight. It may be straight or 
bent, simple or compound. We shall confine our attention 
chiefly to the simple, straight lever, of which there are com- 
monly reckoned three kinds or varieties, depending upon the 
position of the points of application of the moving power, and 
the resisting power, with respect to a certain fixed point 
called the fulcrum, about which the lever is supposed to turn 
freely. The portions of the lever situated on each side of 
the fulcrum are called the arms of the lever. 

31. A lever of the first kind is represented in Fig. 17, 1., in 
which the fulcrum f is situated between the moving power 
p and the resistance or load w. 

Fig. 17, II., is a lever of the second kind, in which the 
mover p, and the resistance w, act on the same side of the 
fulcrum ; the load moved being between the fulcrum and 
the mover. 

In a lever of the third kind, Fig. 17, III., the mover and 
the load also act on the same side of the fulcrum, but the 
mover p is between the fulcrum p and the load w. Hence, 
in considering the lever statically (or when the two forces 
are balanced), there is no difference between the second 
and third kind ; for, as we are not supposing any motion 
to be produced, neither force can be regarded as the mover 
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or the moved. To produce motion, it is necessary that one 
force should prevail, and then the lever will become a lever 
of the second or the third kind, according as the force nearer 
to or further from the Pig 17 

fulcrum prevails. Thus 
Fig. II. is a lever of the 
second kind, and Fig. 
III. of the third kind, 
only while the weight 
w, in each case, is 
being lifted ; but when 
w is being lowered, it 
becomes the mover, 
and p the moved, so 
that Fig. II. becomes 
a lever of the third 
kind, and Fig. III. one 
of the second kind. 

32. From what has 
been already said (25), 
it is evident that, in 
ail these levers, the 
power p will sustain 
the weight w, provided the moment of p be equal to that of the 
weight. Thus, in the lever of the first or second kind, if w be 
12 lbs. at the distance of 3 inches from f, its moment will be 
36, and it will be balanced by p=6 lbs. at the distance of 
6 inches from F, or by p = 4 lbs. at the distance of 9 inches 
from F, and so on. Or, if w be 12 lbs., as before, and be situ- 
ated at the distance of 3 inches from the fulcrum, its moment 
will be 36 ; consequently, a power of 3 lbs. at the distance 
of 12 inches from the fulcrum, or 2 lbs. at the distance of 
18 inches, will produce equilibrium. 

33. Levers of the first kind are in very common use ; such 
are a crowbar, used for raising stones, and a poker, used for 
raising the coals in the grate, the bar of the grate being the 

c 3 
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fulcrum. The common crowbar is sometimes used as a lever of 
the first kind, as in Fig. 1 8 ; sometimes as a lever of the second 
kind, as in Fig. 19. The former is the case whenever we 



Fig. 18. 



Fig. 19. 




press downwards to lift the load, and the latter whenever we 
press upwards. Now, in either figure, a man at p pressing 
the long arm of the lever, is able to raise the weight of the 
stone A or b, provided that weight do not exceed his pressure 
on p, in so great a ratio as the distance p / exceeds w f. 
If a pressure of 50 lbs. at p lift 300 lbs. at w, then p must 
move more than six times the distance that w rises ; for, if it 
move only six times that distance, the pressures of 50 lbs. and 
300 lbs. would balance each other. Thus, what is gained in 
pressure is lost in distance moved through. If the man applied 
his power halfway between / and p, he need only press through 
half the distance, to produce the same effect on the stone, but 
he must exert twice the pressure. 

34. We have an instance of the lever of the second kind 
in a chipping-knife, fixed at one end, which is the fulcrum ; 
the wood to be cut is placed under it, and is the load, or 
resistance to be moved or overcome, and the power is the 
hand of the workman at the extremity of the blade. A 
wheelbarrow is also a lever of this kind, the wheel being the 
fulcrum, the contents of the barrow the weight, and the 
man wheeling it the power. In the common form of wheel- 
barrow, the load is made to incline as much as possible 
towards the wheel. This, of course, is an advantage, because 
the man bears as much less of the load as its centre of gravity 
is nearer to the axle of the wheel than to his hands. An oar 
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may also be regarded as a lever, but to explain its action fully 
would lead us far from our present subject.* 

35. In a lever of the third 
kind, as the fishing-rod, in Fig. 
20, if w be 12 lbs. at a distance 
of 9 feet from the fulcrum /, 
its moment may be expressed 
by 108. To keep this in equi- 
librium by a power nearer to 
the fulcrum than the weight is, 



Fig. 20. 





















such as p at the distance of 3 feet, would require a force of 
36 lbs. (because 3 x 36 = 108), or, in other words, the 
power is, in this case, three times the weight or resistance ; 
and, in all levers of the third kind, the power must exceed 
the load ; hence they are never used where a great weight is 
to be lifted, or a great resistance overcome, but only when it 
is required to move a small weight through a greater distance 
than it would be convenient to move the hand through. 
From the principle of virtual velocities, before explained (27), 
it will be evident that the advantage of this kind of lever is, 
that it commands speed, rather than force. 

36. The symmetry and compactness of the frames of 
animals depend on the fact, that all their limbs are levers of 
the third kind. The lifting of our forearm and hand through a 
considerable space (say a foot), is effected by the power of a 



* As there is no fixed fulcrum, the easiest way is to regard the oar as 
being circumstanced like the rigid line a a' in Fig. 15, which is acted on 
by three forces, viz. a b, the hand of the rower, a' b', the resistance of 
the water against the blade, and r p, the resistance of the water against 
the bow of the boat (transmitted through the boat's side to r) ; but, as 
this last is not equal to the sum of the others, it is overcome by them ; 
and, as its point of application, p, is not situated in their resultant, they 
do not balance each other, but a b prevails over a' b', as in a lever of the 
first kind, having its fulcrum at that point between pand a' which remains 
stationary during the stroke ; and the same point may also be considered 
as the fulcrum of a lever of the second kind, by which the power at a over- 
comes the resistance at p. 
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muscle applied vory near the fulcrum, or elbow, and moving 
through a very much smaller space (say an inch). This 
muscle must then exert 12 times the force with which the 
hand is moved ; so that when we use a purchase (t. e. a lever 
of the first or second kind), in order to lift a great weight 
through a small space, by the motion of our hand through 
12 times that space, this is simply undoing what has been 
done by the natural leverage of the arm. We might have 
dispensed with the lever, if the muscle had been applied to 
the extremity of our limb, instead of its origin. But what 
a clumsy contrivance would the animal frame have presented, 
if thus rigged with muscles, like a ship ! In fact, rigging 
presents us with an exact inversion of the muscular system 
of animals. The yards are moved through small spaces 
with great force, by the taking in of much rope with 
comparatively little force. The limbs, on the contrary, are 
moved through great spaces with little force, by the contrac- 
tion of muscles through very small spaces with much greater 
force. 

In raising a ladder by the usual method, it is a lever of 
the second kind, while the centre of gravity is between the 
hands that raise it and the end on which it rests ; and when 
the hands pass the centre of gravity, it is a lever of the third 
kind. 

37. If the arms of the lever, instead of being straight, are 
curved or bent, their length must be reckoned by perpen- 
diculars drawn from the fulcrum, upon the directions of the 
power and weight ; and when the lever is straight, if the 
power and the weight be not parallel in direction, the same 
rule must be observed. Thus Fig. 21 is a bent lever of 
the first kind, and Fig. 22 a straight lever of the second 
or third kind, according as the flag or the weight prepon- 
derates. In either figure, the fulcrum is p, a a the direc- 
tion of the power, and b w the direction of the weight. 
If the lines a a and b w be continued, and perpendiculars 
p a and p b 9 drawn from the fulcrum to those lines, the 
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moment of the power will be found by multiplying the power 
by the line f a, and the moment of the weight by multiplying 
the weight by p b. If these moments be equal, the power 
will balance the weight. 



Fig. 21. 



Fig. 22. 



erf- 




38. Many of the most useful implements consist of bent 
double levers, or pairs of levers, connected by a joint, which 
forms their common fulcrum ; so that they require no external 
fulcrum, or resisting point, for each supplies the necessary 
resistance to the other. Thus scissors, pincers, snuffers, are 
pairs of levers of the first kind ; nutcrackers, of the second 
kind ; and tongs, of the third kind. In the first, when the 
blades are longer than the handles (as in shears), there is a 
gain of speed and loss of power ; but when the handles are 
the longer of the two (as in pincers), there is a loss of speed 
and gain of power. In the second this is always the case, and 
in the third, on the contrary, power is always lost, and extent 
of motion gained. 

" In drawing a nail with steel forceps, or nippers, we have 
a good example," says Arnott, "of the advantages of using a 
tool : 1st, the nail is seized by the teeth of steel, instead of by 
the soft fingers ; 2nd, instead of the griping force of the 
extreme fingers only, there is the force of the whole hand 
conveyed through the handles of the nippers ; 3rd, the effec- 
tive force is rendered perhaps six times more effective by the 
lever length of the handles ; and 4th, by making the nippers, 
in drawing the nail, rest on one shoulder, as a fulcrum, it 



38 COMBINATIONS OF LEVERS. 

acquires all the advantages of the lever, or claw-hammer, for 
the same purpose." 

39. When the power is required to he considerable, and it 
is not convenient to construct a very loug lever, a compound 
lever, or a composition of levers, is employed. When a 
system of this kind is in equilibrium, of course the ratio of 
the power to the load will be compounded of the ratios sub- 
sisting between the arms of each lever ; or, in other words, 
the power multiplied by the continued product of the 
alternate arms commencing from the power, is equal to the 
weight multiplied by the continued product of the alternate 
arms, beginning from the weight. For example, in the follow- 
ing arrangement (Fig. 23) we have three levers, two of the 

Fig. 23. second kind, A F, 

a" f", and one of 
the first kind, a' b'; 
and we will now 
consider the man- 
ner in which the 
power p is trans- 
mitted to the 
weight w. The 
power p, acting 
upon the lever a f, 
produces a down- 
ward force at B, 
which bears to p 
the same propor- 
tion as A F to B F. 
Thus, if a f be eight 
times b F, the force at b is eight times the power p. The 
arm a' f* of the second lever is pulled down by a force 
equal to eight times the power at p ; and this will produce a 
force at b', as many times greater than a', as a' f 7 is greater 
than b' f^ Thus, if a' f' be 10 times b' f', the force at b' or 
a" will be 10 times that at a' or b ; but this last was 8 times 
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the power, and therefore the force exerted at a" will be 80 
times the power. So, also, it may be shown that the weight 
w is as many times greater than the force at a", as a" f'' is 
greater than b" f". If a" f" be 6 times b" f", the weight w 
will be 6 times the force at a". As we know this to be 80 
times the power p, the weight, where there is an equilibrium, 
must be 480 times the power. 

The same result might have been obtained more quickly, 
by dividing the product of A F, a' f', and a" f", by that of 
b f, b' f', and b" f". Thus, if the three former distances were 
16 inches, 20 inches, and 18 inches; and the three latter, 
2 inches, 2 inches, and 3 inches; then (16 X 20 x 18) -r 
(2 x 2 x 3) = 480. The ratio of 480 : 1 is said to be 
compounded of the three ratios of 8 : 1, 10 : 1, and 6:1. 

The weighing-machine for turnpike-roads is formed of a 
composition of levers. It is chiefly nsed for weighing 
waggons, to ascertain that they are not loaded beyond 
what is allowed by law to the breadth of their wheels. It 
consists of a wooden platform, placed over a pit made in the 
line of the road, and level with its surface ; and so arranged, 
as to move freely up and down, without touching the walls of 
the pit. The levers upon which the platform rests are four ; 
viz. a, b, c, d, Fig. 24, all converging towards the centre, and 
each moving on a fulcrum, at a, b, c, d, securely fixed in each 
corner of the pit. The platform rests by its feet, a 1 c' d, 
upon steel points, a, b c, d. The four levers are supported 
at the point f, under the centre of the platform, by a 
long lever g e resting upon a steel fulcrum at F, while 
its further end g is carried upwards into the turnpike 
house, where it is connected with one arm of a balance, 
while a scale, suspended from the other arm, carries the 
counterpoise or power, the amount of which, of course, indi- 
cates the weight of the waggon on the platform. Now, as the 
four levers a, b, c, d, are perfectly equal and similar, the effect 
of the weight distributed amongst them is the same as if the 
whole weight rested upon any one. In order, therefore, to 
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ascertain the conditions of equilibrium, we need only con- 
sider one of these levers, such as a p. Suppose, then, the 
distance from a to F to be 10 times as great as that from a 

Pig. 24. 




to a, a force of 1 lb. at f would balance 10 lbs. at a, or on the 
platform. So, also, if the distance from e to o be 10 times 
greater than the distance from the fulcrum e to f, a force of 
1 lb. applied so as to raise up the end of the lever a, would 
counterpoise a weight of 1 0 lbs. on f ; therefore, as we gain 
10 times the power by the first levers, and 10 times more by 
the lever e g, it is evident that a force of 1 lb. tending to 
raise g, would balance 100 lbs. on the platform. If the 
weight of 10 lbs. be placed in the opposite arm of the 
balance to which G is attached, this 10 lbs. will express 
the value of 1,000 lbs. on the platform. "When the platform 
is not loaded, the levers are counterpoised by a weight 
applied to the end of the last lever. 

40. The Balance, — One of the most useful and interesting 
applications of the lever is to the balance, which consists 
essentially of a lever of the first kind suspended at its centre, 
and consequently having the two arms equal. This lever 
is called the beam, a b, Fig. 25 : the fulcrum, or centre of 
motion, on which the beam turus, is in the middle ; and the 
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two extremities of the beam, called the points of suspension, 
serve to sustain the pans or scales : g is the centre of gravity 
of the beam ; and this should be situated a little below the 



Fig. 25. 




fulcrum, for if it were to 
coincide therewith, that is, 
if the centre of motion and 
the centre of gravity were 
situated in the same point, 
the beam, as we have seen 
(22), would rest indiffe- 
rently in any position. 
If, on the contrary, the 
centre of gravity were above the centre of motion, the least 
disturbance would cause the beam to upset. 

The points of suspension should be situated so that a 
straight line a b joining them is perpendicular to the line of 
symmetry formed by joining the centre of gravity g with 
the centre of motion m. 

The direction of the line m g is shown by a needle or 
index attached to the beam, which in delicate balances 
moves over a graduated arc. This needle may proceed 
either upwards or downwards, provided it be in the vertical 
of the centre of gravity. When the needle points to the 
zero line of the arc, which is of course also in the vertical of 
the centre of gravity, the beam must be horizontal. But by 
means of this index we can also ascertain whether equili- 
brium has been attained, without actually waiting until the 
beam comes to rest. While the beam is oscillating, if it 
really be in equilibrium, the needle will describe equal arcs 
on the graduated scale on each side of the zero point ; while, 
if either scale be overloaded, the needle will move through 
more degrees on one side of the scale than on the other. 

41. In a perfect balance, all the parts must be symmetrical 
with the centre of gravity ; that is, the parts on either side 
of this point must be absolutely equal. Such a state of per- 
fection, however, cannot be attained in practice ; the two arms 
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cannot be made perfectly equal ; all that the most skilful 
maker can do is to render the inequality very small. When, 
however, it is necessary to obtain a very exact result, the 
error occasioned by the inequality of the arms of the balance 
can be avoided by the ingenious artifice of double weighing^ 
invented by Borda. To weigh a body, is to determine how 
many times the weight of this body contains another weight, 
of known value, such as ounces, or portions of ounces. 
Place the body, which we will call m, in one scale-pan, 
A, Fig. 25, and produce equilibrium by placing in the other 
scale-pan, B, some shot, or dry sand, or other substance in a 
minute state of division, so that very small portions may be 
added or subtracted, as occasion requires : by this means 
the needle can be brought exactly to zero, thereby indicating 
the horizontality of the beam. This being done, we remove 
the body m, and substitute for it known weights, such as 
ounces and portions of ounces, until the beam is again hori- 
zontal. The amount of this weight will express exactly the 
weight of the body M, because these ounces, &c, being placed 
under exactly the same circumstances of equilibrium as the 
body m, produce exactly the same effect. 

By this method, then, it is not only possible, but easy, 
to weigh truly with a false balance. Under ordinary cir- 
cumstances, an error amounting to a fraction of a grain 
would be of no consequence ; but, in weighing for the 
purposes of chemical analysis, an error amounting to the 
thousandth of a grain might be of importance ; hence, this 
method is commonly adopted in such investigations. 

42. In ordinary scales, one can readily ascertain whether 
the point of support is in the middle of the beam, by changing 
the scale-pans when the balance is in equilibrium. If the 
horizontal position is disturbed by this process, the two arms 
are not of the same length. A false balance cau also be 
detected by shifting the weights which produce equilibrium : 
this also will destroy the horizontal position of the arms, if 
they are sensibly unequal. But this method also furnishes 
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the means for ascertaining the true weight of the substance. 
Some persons are satisfied with taking the arithmetical 
mean* of the two weights found in this manner ; but this is 
quite erroneous, and will always give too high a result. As 
the body is over estimated in one weighing in the same ratio 
that it is under estimated in the other weighing, the true 
weight must plainly be the geometrical mean t between the 
two false estimates. 

43. The stability of a balance is its tendency to return to, 
and oscillate about, the position of rest, after being disturbed. 
The position of the centre of gravity below the point of 
support determines the stability of a balance. Stability is 
far more easily attained than sensibility^ or the tendency of 
a loaded balance, when poised, to turn when a very small 
additional weight is placed in either scale. If there were 
no friction, the scale would turn by the addition of the 
smallest weight. Friction is diminished as much as possible 
by placing the beam 

upon the support by 26, 

means of knife edges, 
of hard steel, the 
support being also of 
the same material. 
See Fig. 26. 

The stability and sensibility of a balance are ascertained 
by the following means. First, as to the stability of one 
balance compared with that of another. A small amount of 
disturbance being given to both, such as one degree, if the 
force with which the first endeavours to recover its position 
be double or triple that of the second, the stability of the 
first is double or triple that of the second. To compare 
these forces, the weight of both scales, multiplied into c d, 

* The arithmetical mean of two quantities, a and b, is half their sum, 
or* (a + &). 

f The geometrical mean of two quantities, a and J, is the square root of 
their product, or 
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or the distance between the centre of motion and the inter- 
section of the line drawn through the points of suspension with 
the vertical through the centre of motion, must be added to 
the weight of the beam, multiplied into c g, or the distance 
between the centre of motion and the centre of gravity of the 
beam. For example ; suppose that in two balances these 
quantities are as follows : — 

FIRST BALANCE. SECOND BALANQE. 

The arm ad . . 12 inches. 14 inches. 
it co.« 2 ff 3 f f 

tt CD.. 1 „ 2 ff 

Weight of beam . 30 ounces. 50 ounces. 

Weight of both scales 24 „ 30 „ 

In such case, the stabilities of the first to the second 
balance will be as 84 to 210 ; because 24 x 1 + 30 x 2 = 
84, and 30x # 2 + 50x3 = 210. 



Ill 


•J: 


J" 







through which very small equal weights incline the balances. 
Thus, if a grain put into a scale-pan of each inclines one 
balance 4 degrees, and the other only 2 degrees, the first 
is twice as sensible as the second. To compare the sen- 
sibilities, multiply the length of the arm of each by the 
number which represeuts the stability of the other in the 
rule given above. Thus, the sensibilities of the preceding 
balances are as 12 x 210 to 14 x 84, or as 2520 to 1176. 

The sensibility of a balance is also ascertained by observing 
the smallest additional weight that will turn it, and then 
comparing this addition with the whole load. Thus, if a 
balance have a troy pound in each scale-pan, and the hori- 
zontally of the beam varies by a small quantity, only just 
perceptible on the addition of -jfoth of a grain, the balance is 
said to be sensible to il5 U D J! th part of its load, with a pound 
in each scale, or that it will determine the weight of a troy 
pound within yy^^th part of the whole. Perhaps the most 
sensible balance ever constructed, was that employed for 
verifying the national standard bushel, the weight of which, 
together with the 80 lbs. of water it should contain, was 
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about 250 lbs. With this weight^n each scale, the addition 
of a single grain occasioned an immediate variation in the 
index of one-twentieth of an inch, the radius being 50 inches ; 
so that this balance was sensible to TT3^so~o" tn P art °f fc ^ e 
weight to be determined. 

The following are the general rules respecting the sen- 
sibility of a balance : — 

1. That, all other things being the same, the sensibility is 
increased by increasing the lengths of its arms. 

2. That, all other things being the same, the sensibility is 
increased by diminishing the weight of the beam.* 

3. That the sensibility is increased by diminishing the 
distance between the centres of gravity and motion. 

4. That the sensibility is increased by diminishing the 
distance of the line joining the points of suspension from the 
centre of motion. 

5. That the sensibility is greater when the load is smaller. 

45. In addition to the balance with equal arms, there are 
various modifications of the lever of the first kind in common 
use for ascertaining the weights of bodies. Such is the 
instrument used by the ancient Romans, called the Roman 
statera or steelyard. It consists of a beam of iron, resting 
upon knife-edges or a pivot, with one arm longer than the 
other. Supposing the shorter arm, with the attached scale, 
to be sufficiently heavy to balance the longer arm, when the 
instrument is unloaded, the beam will of course be horizontal. 

• It has been already seen that the sensibility of a balance depends 
on the suspension at the fulcrum, or middle of the beam. It will be 
perfect, in proportion as friction is diminished between this point and 
the plane which bears it ; for the friction, which results from the super- 
position of two bodies, is a force which acts in the direction of their 
surfaces, and which is in opposition to other forces tending to detach 
these surfaces from each other. Thus, the friction of the knife-edge on 
its support must oppose the turning of the beam round this point. 
This rotation cannot take place without detaching some part of the 
knife-edge and its support from each other. The force required to over- 
come their adhesion is, as we have seen, a measure of the sensibility of the 
balance. 
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The substance to be weighed, w, is suspended from a hook 
attached to the shorter arm, and a constant weight, p, is made 
to slide upon the longer arm, until equilibrium is established. 
Now we know that in the lever the condition of equilibrium 
is, that the weight w, multiplied by its distance from the 
fulcrum, is equal to the power or counterpoise p multiplied 
by its distance from the fulcrum. Now, as the distance of 
the weight from the fulcrum is constant, and as the counter- 
poise is also constant, it is evident that in whatever propor- 
tion w is increased or diminished, the distance between p 
and the fulcrum must be increased or diminished in the 
same proportion ; thus, if w be doubled or trebled, the 
distance of p from the fulcrum must also be doubled or 
trebled. 

Hence the principle upon which this instrument is 
graduated is sufficiently simple. Suppose the instrument is 
first to be graduated for weighing pounds. A pound weight 



Fig. 27. 



is placed in the scale, 
and the counterpoise 
moved towards the 
centre c, Fig. 27, un- 
til the beam is hori- 
zontal. A mark is 
then made with a 
file at c. A second 
pound is then placed 
in the scale, and the 
counterpoise moved 
from c, until the beam is again horizontal. A second mark 
is then made ; after which, the whole length of the arm is 
marked with divisions of the same length as that between the 
first and second divisions obtained experimentally. Of course 
the number of any division from c will express the number of 
pounds which the counterpoise P, resting on that division, will 
sustain, and this is the weight of the body w # 

The above illustration is intended to show the principle 
of the instrument, rather than to describe that in common 
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use. In an ordinary steelyard, the centre of gravity is not 
at the fulcrum, so that when the weight p is removed, the 
longer arm usually preponderates ; hence the graduation 
must be commenced, not from c, but from some point 
between s and c. These, however, are matters of detail, 
which will be found treated of fully in larger works. The 
great convenience of the steelyard is in its requiring only one 
weight. When the substance to be weighed is heavier than 
the constant weight, the pressure on the fulcrum is less than 
in the balance, because with the latter, equilibrium is only 
produced by a weight equal to that of the body to be weighed ; 
but in the steelyard a less weight will suffice. For example, 
to balance 10 lbs. in a pair of common scales, we must have a 
weight of 10 lbs., making together a load of 20 lbs. ; but in the 
steelyard a weight of 10 lbs. may be balanced by only 1 lb., 
making together a load of only 1 1 lbs. When, on the con- 
trary, the constant weight exceeds the substance to be 
weighed, the pressure on the fulcrum is, of course, greater in 
the steelyard than in the balance; hence the balance is prefer- 
able in determining small weights. 

When the counterpoise p is moved to the extreme end of 
the beam, it represents the greatest weight that the instru- 
ment, as hitherto described, can determine. There are, 
however, two methods by which the same beam can be made 
to determine heavier weights : 1st, by having another point 
of suspension on the shorter arm, nearer to the fulcrum ; or, 
2ndly, by using a heavier counterpoise. 

46. The Danish balance „ 
(Fig. 28) differs from the S ' " * 

steelyard, just described, 
in having the fulcrum p 
moveable, instead of the 
counterpoise P, which is 
fixed at one extremity? 
while the body to be — 
weighed, w, is suspended from a hook at the other extremity. 
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If c be the centre of gravity of the unloaded beam and scale- 
pan, the graduation must commence from that point, since, 
when the fulcrum-loop is there, it poises the unloaded beam and 
scale-pan. By suspending from the hook at w, 1, 2, 3, &c. 
pounds in succession, the divisions may be found to which the 
fulcrum must be removed in order to produce equilibrium. 

47. The bent-lever balance is also a convenient form of 
scale in which the weight is constant. It consists of a bent 

^ 29 lever a b c, Fig. 29, to one end 

of which a weight, c, is fixed, 
and to the other end, a, a hook 
carrying a scale-pan, w, in 
which the substance to be 
weighed is placed. This lever 
is moveable about an axis, 
b. As the weight in w de- 
presses the shorter arm b a, 
its leverage is constantly di- 
minished, while that of the 
arm c B is constantly in- 
creased. When c counter- 
poises the weight, the division at which it settles on the 
graduated arc expresses its amount. The graduation of the 
instrument of course commences at the point where the 
index settles when there is no load in w. The scale-pan is 
then successively loaded with 1, 2, 3, &c. ounces or pounds, 
and the successive •positions of the index marked on the 
arc 

48. Before we conclude this section on the lever, it may be 
as well to notice a common rule for determining the mechanical 
efficacy, or power, of a machine. This is said to be greater 
or less, according as the ratio of the weight to the power is 
greater or less. Thus, if the weight be 20 times the power, 
the mechanical efficacy is said to be 20 ; if 4 times the weight 
is equal to 25 times the power, the mechanical efficacy is ^, 
or 6^. 
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As the mechanical efficacy of the lever admits of being 
varied at pleasure by varying the distances of the power 
and weight from the fulcrum, so we may imagine a lever with 
a power equal to that of any given machine; such a lever 
is called an equivalent lever with respect to that machine. 
As all simple machines may be represented by simple equi- 
valent levers, so the most complex machine may be repre- 
sented by a compound system of equivalent levers, whose 
alternate arms, beginning from the power, bear the same 
proportion to the remaining arms. 

49. The principal use of the common lever is for raising 
weights through small spaces, which is done by a series of 
short intermitting efforts. After the weight has been raised, 
it must be supported in its new position while the lever is 
re-adjusted to repeat the action. The chief defect, therefore, 
of the common lever is want of range and of the means of sup- 
plying continuous motion. This defect would be supplied 
if the moving power, which in pj g< 30. 

all levers must describe an arc 
of a circle, could be made to 
move round the entire circle, 
and so continue to revolve for 
any length of time, still pro- 
ducing always the due propor- 
tion of effect on the resistance 
to be overcome. Now, if the re- 
sistance be acting always in one 
straight line (if it be a weight 
to be lifted, for example), there 
are many ways in which the 
action of the lever may be rendered continuous. Its short 
arm may be repeated several times as the radii of a circle, and 
each of these radii in succession may catch and lift some part 
of the weight, or of a contrivance connected with it. Thus we 
get the machine called the rack and pinion (Fig. 30), in which 
the centre, or axU of motion, c c, forms the fulcrum of a lever, 

Mechanic*. I> 
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whose longer ami c a is called the winch, and describes a 
complete circle ; the shorter arm is repeated in the figure 
8 times, forming the 8 leaves or teeth of the pinion, and 
there is always one of these employed in lifting by one of 
its teeth the rack b c to which the load or other resistance 
is applied. Thus, as soon as one of these short arms of the 
lever has done its work, another is ready to supply its place ; 
and although each lifts the weight through only a very small 
space, the entire range is limited only by the length of the 
rack. But in lifting the weight through this range, the 
hand at a must describe altogether a space much greater, viz. 
in the proportion that the circumference add exceeds the 
height occupied by 8 teeth of the rack. 

50. The flexibility of cords affords another still easier means 
of increasing the range of action of the lever to almost any 
extent. By filling up the spaces between the leaves of the 
pinion, in the last example, we may convert it into a cylinder 
or barrel, on which if a rope be coiled, and the load be sus- 
pended from it, this rope will supply the place of the rack 
b c, and be wound up in the same manner. This constitutes 
the common windlass, in which the weight banging on the 
rope will exceed the force applied to the winch, and just 
supporting it, in the ratio that the length of the winch, 
measured from its centre of motion, exceeds the mean radius 
of a coil of rope, t. e. the radius of the barrel + half the thick- 
ness of the rope. 

51. Thus the eflaciency of this machine, the windlass, as a 
concentrator of force, is augmented either by diminishing the 
thickness of the barrel, or by increasing the length of the 
winch; but the barrel would be too much weakened if 
diminished beyond a certain extent, and the winch becomes 
useless if lengthened beyond the radius of the circle which the 
haud and arm can conveniently describe. Hence arises a 
necessity for multiplying the long arm of the lever and making 
it into several radii, in the same way that the short arm was 
multiplied to form the pinion or the barrel. This repetition of 
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the longer arm constitutes the wheels which is commonly 
reckoned as the second simple machine, although, as we have 
seen (49), it is only a particular modification of the first, viz. 
the lever. The advantage of the wheel over the single spoke 
or winch is, that however long its radius, it can always be 
turned continuously by a force whose action is confined to a 
small part only of the circumference. This can be effected in 
either of the modes above described in the case of the short 
arm — viz. first, by forming projections on the rim of the wheel, 
to be successively acted on by the power in the same way that 
the leaves of the pinion successively act on the resistance ; or 
secondly, by passing a rope or band round the wheel. 

52. The latter affords an easy mode of exhibiting the pro- 
perties of this most important machine. For this purpose the 
power is usually represented by a small weight suspended 
from a cord which is wound on the circumference of the 
wheel ; and the resistance by a larger weight on a cord that 
is wound in a contrary direction round the axle. 

It will be evident, from an inspection of this machine, that 
its condition of equilibrium is precisely that of the lever ; 
only, in this case, the power is multiplied by the radius c b 
of the wheel, and this will be found equal to the resistance 
multiplied by the radius of the axle. If, for example, the 
power be 1 lb. and the radius of the wheel 22 inches, and 
the load 11 lbs., while the radius of the axle is 2 inches, 
there will be equilibrium, because the moments are in each 
case the same. (26.) 

We may also prove the same thing by the principle of 
virtual velocities (27), for in one revolution of the wheel 
the power descends through a space equal to the circum- 
ference of the wheel, and the weight is raised through a 
space equal to the circumference of the axle; Hence, the 
moving power, multiplied by the velocity of its motion, is 
not less than the load moved, multiplied by the velocity of 
its motion. 

53. The axle in the wheel is evidently not intermitting in 

d 2 
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its action, as in the case of the common lever; but the motion 
which the power communicates to the load, although slow, 
is constant. Hence it has been called the continual or per- 
petual lever, and its mechanical efficacy depends on the ratio 
of the radius of the wheel to the radius of the axle, or the 
length of the lever by which the power acts, to the length of 
that by which the load resists. 

54. The power may be applied to the wheel in various ways ; 
such as by pins placed at various distances round its circum- 
ference, as in the wheel used to work the rudder of a ship, in 
which case the hand is used as the power : in some cases the 
rim of the wheel is dispensed with, and a number of long bars 
are inserted in the axle, as in the larger kinds of windlass, in 
which the axle is usually horizontal. In the capstan it is 
vertical. In either case the wheel consists only of diverging 
spokes, rendered portable by a number of holes in the axle, 
into which men insert the ends of these spokes or hand- 
spikes. When the axis is horizontal, each hand-spike is 
removed from one hole to another, the weight being mean- 
while sustained by the action of a ratchet-wheel. When the 
axis is vertical, a number of men may work at it, pushing 
the bars before them, and thus there need be no intermission 
of the power. An enormous weight may be raised in this 
way. 

The ratchet or racket-wheel (Fig. 
31) just referred to, is a simple con- 
trivauce for preventing a wheel from 
turning except in one direction. A 
catch c plays into the teeth of the 
wheel A b, permitting it to revolve 
in the direction of c b, but prevent- 
ing any recoil on the part of the 
weight or resistance contrary to the 
direction of the power. 

55. By increasing the size of the 
wheel in proportion to that of the 
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axle, forces of very different intensities may be balanced ; 
but as the larger force increases in magnitude, the size of 
the wheel is increased to an inconvenient extent. Hence the 
use of a combination or system of wheels and axles. Now, 
as the wheel and axle is only a modification of the lever, we 
may expect to find that a system of wheels and axles is only 
a modification of the compound lever already described 
(39). Such is the case, and the conditions of equili- 
brium are also the same. The power being applied to the 
circumference of the first wheel, transmits its effect to the 
circumference of the first axle ; this acts upon the circum- 
ference of the second wheel, which transfers the effect to the 
circumference of the second axle, which, in its turn, acts 
upon the circumference of the third wheel, and this trans- 
mits its effect to the circumference of the third axle ; and thus 
the force is transmitted until it arrives at the circumference 

4 

of the last axle, where it encounters the load or resistance. 

56. There are various methods by which the circumferences 
of the axles are made to act upon the wheels. Sometimes, 
by the mere friction of their surfaces, the friction being 
increased by cutting the wood so that the grains of the 
opposed surfaces may run in opposite directions ; in other 
cases the surfaces are covered with buff leather ; but the 
most usual method of transmitting power in complex wheel- 
work is by means of teeth or cogs raised on the surfaces of 
the wheels and axles. The word teeth is usually applied to 
the cogs on the surface of the wheel, while those on the sur- 
face of the axle are called leaves, and the part of the axle 
from which they project is named a pinion, as already 
noticed (Fig. 30). In a train of wheels thus arranged 
(Fig. 32), the conditions of the equilibrium are the same 
as in a train of levers (Fig. 23), that is to say, the power p is 
to the resistance w, as the continued product of the radii 
of the pinions 5, <?, d is to the continued product of the radii 
of the wheels a, e, /. Thus, if the pinions in Fig. 32 had 
been respectively 1, 2, and 3 inches radius, and the wheels 
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respectively 8, 9, and 12 inches radius, then 1x2x3 = 6, 
and 8 X 9 x 12 = 864, or, in other words, a power ex- 
presssed by 6 would counterbalance a weight, or overcome a 
resistance, equal to 864. 

When a system thus constructed is in action, the leaves of 
the pinion must pass in succession between the teeth of the 
wheel ; consequently, the circumferences of the wheels and 
pinions must bear a certain proportion to the numbers of 
teeth and leaves; and as the circumferences are as the radii, 
the numbers of the teeth or leaves must be proportional to 
the radii. Hence, in assigning the condition of equilibrium, 
the number of teeth and leaves must be substituted for 
the radii of the wheels and axles mentioned above, 
otherwise there might be some doubt as to the real or 
effective radius of these bodies, viz. to what part of the 
toothed circumference it should be measured. This is known 
by dividing the distance between the centres of the wheel 
and pinion into as, many parts as there are teeth in both of 
them together. , Thus, if the wheel have 51, and the pinion 
10 teeth, then, the space between their centres being divided 
into 61 parts, the tenth division from the centre of the pinion, 
or the fifty-first from the centre of the wheel, will mark the 
extent of both their effective radii ; and two circles drawn with 
these radii, so as to touch at the said division, are called the 
pitch-lines, or pitch-circles, which, as will presently be seen, 
form the bases for determining the form and size of the teeth. 
In wheel- work, therefore, the condition of equilibrium is, as 
expressed by the ratio above, that the power multiplied by the 
product of the numbers of teeth in all the wheels, is equal to 
the load multiplied by the product of the number of leaves in 
all the pinions. If, as in Fig. 32, some of the wheels and 
axles carry teeth, and others not, then, the effective radii of 
the former being measured from their centre to their pitch-line, 
those of the latter must be measured from their centre to the 
middle of the thickness of the surrounding rope or band. 

67. The law of virtual velocities (27) applies also to corn- 
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plex wheel- work. The teeth and leaves being equal, the 
circumference (t. e. the pitch-line) of each wheel moves 
with the same velocity as that of the pinion by which it is 
driven. Now, as each wheel revolves in the same time with 
its axle, the velocities of their circumferences are as their 
effective radii or numbers of teeth. Hence the velocity of 
the power, or the velocity of the circumference of the first 
wheel, is to that of the first axle as their radii. But the 
velocity of the circumference of the first pinion is equal to 
the velocity of the circumference of the second wheel, which 
is to that of the second pinion as their radii ; and by calcu- 
lating in this way to the end of the train, it will be found 
that the velocity of the power is to that of the load as the 
product of the radii of the wheels to the product of the radii 
of the pinions ; or that the power, multiplied by the velocity 
of the power, is not less than the load multiplied by the 
velocity of the load. 

For example, in Fig. Fig. 32. 

32, let the number of 
leaves on the axle h of 
the first wheel a be 
six times less than the 
number of teeth in the 
circumference of the 
second wheel e, so 
that the wheel may be 
turned only once by 
every six turns of the 
axle b. In like manner 
the second wheel 0, by 
turning six times, turns 
the third wheel / only 
once ; so that the first 
wheel turns thirty-six 
times for only one turn of the third wheel ; and as the 
diameter of the wheel a to which the power is applied is 
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three times as great as that of the axle d, which bears the 
weight w or the resistance, 3 x 36 = 108. So that 1 : 108 
is in this case the ratio between the velocities w and p> 
when moving, and consequently between their weights or 
pressures when in equilibrium. 

58. But as neither this, nor any other system of machinery 
(except that of simple levers), is ever used for weighing, but 
always for communicating motion, we must remember that 
the conditions of equilibrium only inform us what degree of 
force applied to one part of the machine will balance a given 
resistance at another part. But before motion can be pro- 
duced, there must, in addition to this, be a redundancy of 
one force over the other, sufficient to overcome the friction 
and other passive resistances, the determination of which, as 
well as of the rate of motion produced, belongs to dynamics. 
Now, as the levers (in Figs. 20, 22, 24) become levers of the 
second or third kind, according as the slower-moving or 
quicker-moving force preponderates, so the train of wheels 
(Fig. 32) serves to concentrate or diffuse force according as 
p or w preponderates ; for in one case a weak force, by acting 
through a great space, is brought to bear upon a powerful 
resistance ; in the other, a great force moving through a 
small range expends itself in moving weak resistances 
through great spaces. Thus, when a heavy weight hanging 
from a crane descends, it drags the winch round with extreme 
rapidity, but with so little force, that the pressure of a child 
may not only keep it from turning, but reverse its motion, and 
so raise the weight. Hence power is concentrated when the 
pinions turn the wheels, but diffused when the wheels turn 
the pinions. Thus the former arrangement is used in a 
crane to gain power, the latter in a clock or watch to gain 
extent of motion. In one machine, many large turns of the 
handle are necessary to lift the weight a few inches ; in the 
others, the descent of the weight a few feet, or tbo recoil of 
the spring through three or four turns, suffices to carry the 
seconds hand through 10,080 cr 1,440 revolutions. 
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59. In machines where this increase of motion is the object, 
and where no exact proportion between the motions is neces- 
sary, the system of teeth or cogs is seldom used, but the com- 
munication of motion from a large wheel to a small one is 
effected in a better as well as cheaper manner by a strap or 
endless band passing over them both. They may thus be at 
any distance apart, and may turn either the same way or 
contrary ways, according as the strap does or does not cross 
between them ; whereas a toothed wheel and its pinion must 
always turn in contrary directions. The strap may also be 
conducted over pulleys in any direction. 

60. Since wheel-work is used, like other machinery, to trans- 
mit and modifv force, it is often a matter of nice calculation 
and contrivance that the precise effect intended should be 
accomplished, especially in watch and clockwork, where the 
object is to produce uniform motions of rotation, in times 
which are exact multiples of each other. 

In ordinary wheel-work it is usual, in any wheel and 
pinion that act on each other, to use numbers of teeth that 
are prime to each other,* so that each tooth of the pinion 
may encounter every tooth of the wheel in turn ; by which 
means any irregularities will tend to diminish by constant 
wear, instead of increasing, as they must do, in watches 
and clocks, where the above plan is evidently inapplicable. 
In these, as well as in all other systems of wheel-work, great 
attention must be paid to the forms ^.^ ^ 

of the teeth and leaves, otherwise 
there will be a jolting, grinding ac- 
tion, which would end in their mu- 
tual destruction. The teeth should 
be formed in such a manner that 
those of one wheel press in a direc- 
tion perpendicular to the radius of 
the other wheel ; that is, the pressure 

* Numbers prime to each other are such as have no common measure, 
except 1. 

D 3 
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should be tangential to the wheel, as the line a b, Fig. 33, or 
tangential to the pinion, as the line a b. It is also desirable 
that during the entire action of one tooth upon another, 
the direction of the pressure should be the same, so as 
to produce a uniform effect, by acting with the same lever- 
age. The teeth should be so formed that one may roll 
upon the other, and not rub or scrape.* It is also of impor- 
tance that as many teeth as possible should be in contact at 
the same time, so as to distribute the pressure amongst them, 
and thus to diminish the pressure upon each tooth. Hence 
pinions of less than 10 or 12 leaves are objectionable; but 
there is, of course, a limit to the multiplication of teeth, from 
their becoming too thin to withstand the pressure. It is also 
desirable that the same teeth in the wheel should be engaged 
as seldom as possible with the same leaves of the pinion which 
works it. If, for example, the number of teeth in the wheel 
were 60, the number of leaves in the pinion 10, each leaf of the 
pinion would engage every tenth tooth of the wheel, and 
would always work on the same six teeth with every revolu- 
tion of the wheel. In clockwork this is, of course, unavoid- 

* The complete attainment of all these conditions at the same time 
is impossible, and very profound analysis has been found necessary to 
determine what forms of teeth will secure the nearest approach thereto. 
For some purposes, the epicycloid (or curve described by a point in the 
circumference of a small circle rolling round the rim of the wheel) has 
been proposed ; and for others, that the side of each tooth should be an 
involute from the pitch-line (that is, that it should be described by a pencil 
confined by a thread that is unwound from that line). When the teeth 
are numerous, this curve will approach to a circular arc. In all cases, 
the teeth should project the same distance beyond the pitch-line, that 
their intervals recede within it ; and the portions of their sides situated 
within this circle are usually made straight and radial. The conditions 
' above mentioned are less attainable in pinions than in wheels, and still 
less in proportion as the leaves are fewer. Hence, the best form of 
pinion, where great strength is not required, is that called the trundle or 
lantern pinion, which consists of two discs, connected near their circum- 
ference by 8 or 10 cylindrical rods, which serve instead of leaves ; and if 
these be made to turn freely on their axes, the rolling motion is insured, 
together with other advantages. 
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able, but millwrights generally contrive so that the number of 
teeth is just one more than a number which is exactly divisible 
by the number of leaves. This odd tooth is called the hunting- 
cog. If, for example, the pinion contain 8 leaves, and the 
wheel 65 teeth, it is evident that the wheel must revolve 8 times, 
and the pinion 65 times, before the same leaves and teeth will be 
again engaged. 

61. Toothed wheels are usually divided into three classes, 
according to the position of the teeth with respect to the 
axis of the wheel. When the teeth are raised upon the edge 
of the wheel, as in Fig. 33, they are called spur-wheels, or 
spur-gear, which necessarily turn both in the same plane. 
When raised parallel to the axis, as in Fig. 34, they form a 
crown-wheel, which, by acting on a spur-wheel, turns the 
latter in a plane at right-angles to itself. When the teeth 
are raised on a surface inclined to the Fig. 34. 

plane of the wheel, they are called 
bevelled wheels, which are capable of 
Communicating motion in planes in- 
clined at any angle to each other 
(Fig. 35). Spur-gear is, therefore, 
used for communicating motion round 
one axis to another axis parallel to it. 
See Fig. 32, where- the three axes are 
parallel to each ot&er. Where the 
axes are at right angles to each 

(ther, a crown-wheel, working in 

j spur-pinion, as in Fig. 34, may be 
used. The same object may also be 

better accomplished by two bevelled wheels. Rut by 
bevelled wheels also, a motion round one axis can be com- 
municated to another, inclined to it at any proposed angle. 
See Fig. 35. In such a case, the surfaces on which the teeth 
are raised are parts of the surfaces of two cones, and the 
mode in which they act may be conceived by placing tw 
cones side by side, as d a e, e ad!. If one be made to revolve, 
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Fig. 35. 




it will cause the otber to re- 
volve also. If the bases of the 
cones be equal, they will re- 
volve in equal times ; if un- 
equal, the number of revolutions 
will bear the same proportion 
as the bases. So also the 
properties which belong to the 
whole cones will belong to any 
corresponding parts of them, 
such as b b\ c c', d d\ and would 
therefore apply to wheels, the 
edges of which are parts, b b\ 
c c\ &c, of the conical surfaces. 
It is necessary, however, that the 
vertices of both cones should coincide as at a ; therefore the 
axes of both wheels must be imagined to be prolonged till they 
meet, and this point will be the common vertex of the cones. 

62. The machines which have been hitherto considered are 
of two kinds, rigid and flexible. The former owe much of their 
mechanical advantage to their inflexibility ; for if levers were 
capable of bending, it is obvious that the laws which regu- 
late their action, on the supposition that they are ri^id, 
would no longer apply, or at least would require considerable 
modification. In the cords, however, usecUas in Figs. 31, 32, for 
converting a straight into a circular motion, or one circular 
motion into another, as in the endless band described iu 59, 
perfect flexibility is as great a desideratum as perfect rigidity 
was in the former case. Of course it cannot be attained, but, 
in considering the theory, it is, as already stated (29 and 14 
note), far more easy to consider such perfection to have been 
attained, and afterwards to make allowances for whatever 
interferes therewith, than to attempt, in the first instance, to 
solve the problem complicated with these extra and vaiying 
quantities. 

A rope or thread, perfectly flexible and inextensible. is & 
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machine which enables us to transmit force from one point to 
another in the direction of its length, as well as by a rigid 
bar or rod, but with this difference, that the forces which are 
opposed to each other must always be divellent, whereas with 
a rod they may act either from or towards each other. So fai 
the rigid body appears to present an advantage. But the 
chief advantage of the rope is, that, from its flexibility, a 
force acting in one direction may be made to balance an 
equal force in any other direction. 
Thus, the weight w, Fig. 36, acting in _ 
the direction ii w, may, by means of a 
rope passing through a fixed hook or 
ring h, be sustained by a power p act- 
ing in the direction p n. Assuming 
the rope to be perfectly flexible and 
smooth, it would suffer no resistance 
either from rigidity or friction in 
passing through the ring, and the cord 
would be stretched everywhere with 
the same force which is equal to that of the weight w. 

63. We see, then, that the alteration in the direction of the 
power, by passing the rope through the ring at p, makes no 
difference in the power ; it merely enables us to alter its 
direction ; this, however, supposes the rope to be perfectly 
smooth and flexible, and the ring to be free from all roughness ; 
but, as it is not possible to fulfil these conditions, the friction 
arising from the opposite qualities is greatly diminished by 
substituting for the ring a wheel grooved at the circumfer- 
ence, and turning freely on an axle passing through its 
centre. Such a wheel is called a pulley, and we have already 
made use of it for altering the directions of forces, in the 
experiments illustrated by Figs. 7 and 22. We have now to 
show how, by a different arrangement of pulleys, force may 
not only be transmitted, but also concentrated in degree, thus 
rendering this machine one of the so-called mechanical powers; 
and although the pulley is commonly called the third of these, 
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Fig. 37. 



yet it must be remembered, that the cord or rope is the 
efficient agent, no mechanical advantage being gained from 
the pulley ; for the theory of the pulley, as a mechanical 
power, would be just as complete if the rope were passed 
through perfectly smooth rings, as in Fig. 30. The real 
mechanical advantage to be derived from this machine is 
founded on the fact, that the same flexible cord must always 
undergo the same tension in every part of its length. 

64. Pulleys are called fixed or moveable, according as their 
frame is fixed or not, for the sheaf or wheel is always move- 
able on its axis. In fixed pulleys, such as those in Figs. 7 and 

22, the power and the load are equal, so 
that there is no mechanical advantage, 
but only a convenience in being able to 
apply the power in any required direc- 
tion. A single moveable pulley, also 
called a runner, is shown at A b, 
Fig. 37. 

In this example it is evident that the 
rope must have the same tension every- 
where throughout its length, or the 
system would not be in equilibrium ; 
and, further, in order to be in equi- 
librium, the tension must be equal to 
the power p ; thus the power p is sup- 
ported by the tension of that part of 
the rope which is between c and p. If 
we call this 1 lb., it will be found that the load w must be 
2 lbs., because this is supported by that part of the cord 
lying between H and B, and also by the part between 
D and a. In fact, these two portions, b h and a d, of the 
cord sustain the weight between them. Or we may regard the 
horizontal diameter of the pulley a b as a lever of the second 
kind, having its fulcrum at b, the power applied at a, and 
the load hanging midway between them. In this arrange- 
ment, therefore, the power is capable of balancing a weight 
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or opposing a resistance of twice its own amount. It should, 
however, be observed, that in reckoning the load we must 
include the weight of the 



Fig. 38. 



Fig. 39. 



moveable pulley A B, which 
is also sustained by the 
power. In Fig. 38 the weight 
is equal to three times the 
power, and in Fig. 39 to four 
times the power. In each 
of these cases it will be 
seen that the tension of 
each part of the rope is 
equal to the power p. In 
Fig. 38 the load w is dis- 
tributed equally among 
three portions, and in Fig. 
39 among four portions of 
the rope ; and as each por- 
tion is stretched equally by 
the power, it follows that 
in the one case the weight 
raised is nearly equal to three times, and, in the other case, 
to four times the power. Hence it appears that in systems 
of pulleys with one rope and one moveable block,* the load 
is as many times the power as there are different parts of the 
rope engaged in supporting the moveable block ; and, in 
general, when the power acts downwards, the number of 
pulleys required equals the number of times that the power 
is to be concentrated ; but when the power acts upwards, one 
pulley may be dispensed with, for in the last three figures 

the power p might have been applied to pull up the cord a, 

• • 

* The block is the framework in which the wheels or sheaves art 
secured by means of the pivot or axle. A combination of blocks, sheaves, 
and ropes, is called a tackle. In the pulleys represented in Fig. 38. the 
sheaves move on separate axles ; it is, however, more usual to place them 
side by side on the same axle, as in Fig. 39. 
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without the intervention of the fixed pulley c, which adds 
nothing to the mechanical effect. 

65. In the preceding cases we have supposed the parts 
of the rope which support the weight to be parallel, or 
nearlv so. "When such is not the ca?e, the machine is 
greatly deteriorated as a mechanical power; indeed, at 

certain obliquities, the 
power would require to 
be greater than the weight, 
in order to produce equi- 
librium. In order to de- 
termine the power neces- 
sary to support a given 
weight when the parts of 
the cord b c, bh, Fig. 40, 
are not parallel, take the 



Fig. 40. 






A 








* 




Mr 



line b A vertical, and consisting of as many inches (or other 
equal parts) as the weight consists of ounces or pounds. From 
A draw a D, parallel to b h ; and from E draw a e, parallel to 
B c. The force of the weight represented by the diagonal a b 
will, as already stated (9, 10), be equivalent to two forces repre- 
sented by b d and b e. The number of inches in these lines 
respectively will represent the number of ounces, or pounds, 
which are equivalent to the tensions of the parts B c and h H 
of the cord; but as these tensions are equal, b d and b e 
must be equal, and each will express the amount of power 
which stretches the cord at p c. As each of the four sides 
of the parallelogram a e b d equally represents the power, 
and as the diagonal a b represents the weight, the latter 
must always be less than twice the power which is repre- 
sented by a e, E B, taken together. But if the angle c b h 
exceed 120°, a«b will evidently be shorter than e b or b i>, 
so that the power at p will require to be greater than tbo 
weight w ; and this excess may be in any proportion, so that 
it is impossible by any power applied at r, to pull the 
cord c b h mathematically straight, however small the weight 
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w may be, or even if there be no weight except that of the 
cord itself. Hence, also, we see the reason that a harp-string, 
however tightly stretched, can always be pulled aside by a 
very small transverse force, almost infinitely less than its lon- 
gitudinal tension. 

66. In testing the theory of the pulley dynamically, or 
by the principle of virtual velocities, we find that in this, 
as well as in all other machines, whatever is gained in 
force is lost in velocity. It will be found in all the ex- 
amples adduced, that the ascent of the weight is as many 
times less than the descent of the power, as the weight itself 
is greater than the power. Thus (in Fig. 39), if the power 
be 1 lb. and the weight 4 lbs., and it be required to raise the 
weight 1 foot, the power must descend through four feet ; for, 
in order to raise the moveable block 1 foot, each of the four 
portions of cord by which it hangs must be shortened 1 foot ; 
but as they all form parts of one continued cord, this must 
on the whole be shortened 4 feet, t. e. 4 feet of cord must 
pass out from the system between the blocks. " What then 
do we gain by the pulley V it may be asked : the answer is, 
" We gain nothing at all for, as far as expenditure of power 
is concerned, we may just as well do without the machine ; 
we gain no power by its means ; all we do is to economize it 
and expend it gradually. In raising a weight of 50 lbs. one 
foot high, the expenditure of power is obviously the same, 
whether we accomplish the task by raising 1 lb. through 50 
feet, or 50 separate lbs. through 1 foot ; and in the pulley, or 
any other machine, a weight of 50 lbs. cannot be raised 
a given height with a less expenditure of power than is re- 
quired to raise 100 lbs. half that height, or 1 lb. 50 times that 
height. 

67. In the common form of block, and when there are 
several sheaves on the same axle, it is difficult to keep the 
cords parallel, and the blocks in their respective positions. To 
remedy this, Smeaton invented the blocks shown in Fig. 41, 
the action f which will be more intelligible by omitting the rope. 
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Its course, however, can easily be traced by means of the 
numbers affixed to the sheaves. One end of the rope is 
Fig. 41. attached to the hook 0, at the bottom of 
the upper block ; from this point the rope 
is brought under the wheel marked 1, over 
2, under 3, over 4, under 5, and so on, ac- 
cording to the order of the figures, until 
it is finally passed over the wheel marked 
20, on which the power immediately acts. 
In this arrangement the blocks cannot get 
deranged, because the power acts directly 
over the weight. The weight being dis- 
tributed over 20 parts of the rope, which 
are equally stretched, it follows that the 
weight is 20 times the power. 

But an arrangement of this kind is 
accompanied by an enormous amount of 
friction ; each wheel not only having to 
bear the friction on its axle, but fre- 
quently also against the side of the block. 
Another objection arises from the very 
different velocities with which the sheaves revolve. Sup- 
pose that by the action of the power the lower block is 
raised one foot nearer to the upper one ; the several parts 
of the rope between the two blocks will each be shortened 
by one foot. One foot of that part of the rope extending 
from the hook in the upper block to the wheel No. 1, must 
pass over that wheel, and also over all the succeeding wheels. 
But that part of the rope extending from No. 1 to No. 2 is 
also shortened by one foot, and this additional foot of rope 
must also pass over No. 2 and all the succeeding wheels. 
Hence, one foot of rope passes through No. I, two feet 
through No. 2, three feet through No. 3, and so on ; and as 
the velocities with which the wheels revolve are measured by 
the quantities of rope which pass over them in the same 
time, it follows, that while No. 1 revolves once, No. 2 re- 
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Tolves twice, No. 3 three times, and so on ; thereby producing 
an enormous inequality in the wear of the axles. 

68. To remedy these defects, it was suggested, that if the 
wheels were made to differ in size in proportion to the quan- 
tity of rope which must pass over them, they would revolve 
in the snme time, and might therefore be all fixed on the same 
axis, and would require no divisions between the different 
sheaves of the same block. For this purpose, the sheaves 
would require to have their diameters in the proportion of 
the numbers with which they are respectively marked in 
Fig. 41. By proportioning wheels in this manner, and placing 



them on the same axle, so that they 
might revolve in exactly the same time ; 
or, what is the same thing, by cutting 
several grooves upon the face of one 
solid conical wheel, with diameters in 
the proportion of the odd numbers, 1, 
3, 5, &c. for the one pulley ; and corre- 
sponding grooves on the face of another 
solid wheel, in the proportion of the 
even numbers, 2, 4, 6, &c. for the other 
pulley;* on passing the rope success- 
ively over the grooves of such wheels, it 
would be thrown off in the same manner 
as if each groove were upon a separate 
wheel, and each wheel on a separate 
axle. Such is the pulley invented by 
Mr. James White, and represented in 
Fig. 42, Its mechanical advantages are 
very considerable ; and when carefully 
made, it is found to answer all that was 
expected of it ; but this very care re- 
quired in its construction is the chief 



Fig. 42. 
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* The end of the rope must be attached to this latter block, whether it 
De the tixed or the moveable one. 
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cause of its not getting into general use ; for, unless the 
grooves are proportioned with great nicety, the rope must ob- 
viously slide upon some of them, i. e. move with a different 
speed from that of their circumferences, thus causing a great 
increase of friction, and liability to derangement. 

69. In the systems of pulleys hitherto described, there is 
always a fixed point which supports each system, answering to 
the fulcrum in the lever. It is evident that this fixed point 
sustains both the power and the weight, as well as the whole 
tackle. When the system is in equilibrium, the power only 
supports so much of the weight as is equal to the tension of 
the cord, the whole remainder of the weight being thrown on 
the fixed point. In fact, in this, as in all other machines, the 
power sustains just as much of the weight as is equal to its 
own force, the remaining part being sustained by the machine. 
Thus the above system is in equilibrium with a power of 
10 lbs. and a weight of 70 lbs. Now, it is obviously impos- 
sible for this smaller weight to sustain the larger one : the 
tension of the cord marked 1 is equal to 10 lbs. ; and as the 



Fig. 43. 




tension is everywhere the same, it follows, 
that each portion of the cord up to 8 has a 
tension of 10 lbs. ; so that the cord No. 1 
sustains the power = 10 lbs. ; and the seven 
other cords (2 to 8 inclusive) sustain between 
them a weight of 70 lbs. 

70. In the pulleys hitherto described, only 
one rope has been introduced ; we have now 
to consider the effect of several distinct ropes 
in the same system. Pulleys containing more 
than one rope are called Spanish bartons. 
Such a system is represented in Fig. 43, con- 
taining two ropes. The tension of the rope 
pkad is evidently equal to the power ; con- 
sequently, the portions a b and a d must each 
sustain a portion of the weight equal to the 
power. The rope c b sustains the tensions 
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of b p and b a, and therefore the tension of b c a must equal 
twice the power. The united tensions of the Fig. 44. 
ropes which support the pulley a amount, 
therefore, to four times the power. The ten- 
sions of the respective ropes are marked in 
figures, so that the reader will he able to 
study the system from the figure itself, which 
is an excellent method of impressing mecha- 
nical principles on the mind. All verbal de- 
scriptions must necessarily be somewhat 
complex, and consequently far inferior to. the 
graphic eloquence of a well-executed diagram. 

-71- By a slight variation in the last-men- 
tioned system, the power of the machine may 
be increased (see Fig. 44). The rope which 
sustains the power p is here attached to the 
block a, and consequently sustains a part of 
the weight equal to p. The second rope, bcad, 
acts against the united tensions of p b and 
B A, so that the tension of b c, or 
c a, or a d, is twice P. Thus the 
weight w balances three tensions, 
two of which (a c and ad) are 
each equal to twice p, and the third 
(a b) is equal to p; hence the 
weight is five times the power. 

72. In the system represented 
in Fig. 45, four ropes are intro- 
duced. The tensions of the several 
rope6 will be understood from the 
numbers, and it will be seen that 
in this arrangement the multiplica- 
tion of the power increases rapidly 
with the number of pulleys, being 
doubled by every mo veable pulley 
added; but this advantage over the 




Fig. 45. 
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common arrangement is more than counterbalanced by the 
very limited range ; for in the common blocks, the motion 
may be continued till the fixed and the moveable block come 
into contact; but, in this system^ only till D and e come 



Fig. 46. 



together, at which time the 
other pulleys will be far apart, 
because c rises only half as fast 
as d, B only one-fourth, and a 
only one-eighth as fast. Hence 
the longest possible range is but 
a small portion of the whole 
height occupied by this system, 
which accordingly entails a 
great waste of space, and is 
hardly of any practical use. 

73. The mechanical effici- 
ency of this system may be 
greatly increased by substi- 
tuting fixed pulleys for the 
hooks in Fig. 45, tbe number 
of ropes remaining the same. 
In this case, Fig. 46, the ten- 
sions of the successive ropes 
increase in a threefold, instead 
of a double proportion, as will 
be evideut by tracing the course of each rope in Fig. 46. In 
such an arrangement one rope would balance three times tin 
power ; two ropes 3 x 3, or 9 times the power ; the third 
rope balances three portions of the second, and consequently 
its tension would equal 3 x 9, or 27 times the power ; the 
fourth rope, in like manner, balancing three distinct portions 
of the third, would have its tension expressed by 3 x 27 
= 81, which would be the weight w, the power p being 1.* 




* The figures at the top of the last four diagrams show the resistances 
required at the several points of suspension. The reason for these will be 

/ 
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The limited range of this, as of the last system, renders it 
practically useless. 

74. In these cases we have not noticed the effect of the 
weights of the sheaves and blocks. On examining the figures, 
it will be found that in some cases their weight acts against 
the power (Figs. 37, 38, 39, 41, 42, 45, 46) ; in other cases, 
they assist the power in supporting the weight (Figs. 43, 44) ; 
and there are cases in which the weights of the sheaves and 
blocks are made to balance each other. 

75. The next so-called mechanical power is the inclined 
plane. It is equally simple with the lever ; and, like that 
machine, naturally suggests itself to the mind in raising a load 
to a moderate height, especially when the load is of such a 
form as to admit of being rolled. Thus heavy casks are raised 
into a cart or dray by means of a ladder used as an inclined 
plane ; and are moved out of the cart by the same contrivance. 
In such a case, the strength of one or two men is sufficient to 
raise a load of many hundredweight, which, but for this, or 
some other machine, they could not possibly lift from off the 
ground. 

7G. Now, the statical problem of the inclined plane is this : — 
suppose, for example, it is required to raise a cask weighing 
1,000 lbs. into a cart 5 feet high, by means of a ladder or 
plank 14 feet long, resting agaiust the cart. The question 
is, — What force must be exerted to prevent the cask rolling 
dowu the plank, supposing it to have no friction? The 
answer is 357^ lbs. ; because the force would have to act 
through a distance of 14 feet or inches, to raise the weight 
5 feet or inches higher, or it would be driven back 14 units of 
length, by the descent of the cask 5 units lower. Therefore, as 
14:5:: 1,000 lbs. : 357| lbs. That is, if a man by himself, 

or two men acting together, exert a power of 357^ lbs. in 

« 

evident on inspecting the ropes hanging from each point ; and by adding 
all these resistances together, it will be seen that in all cases they eaual the 
suoi of uie power p ana tne weight w. 
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the proper direction, they will be able to keep this cask of 
1,000 lbs. weight from rolling down, however smooth may be 
the inclined plane ; but as there is always some friction, 
a less power than this will always suffice to produce equili- 
brium.* 

77. This case is clearly analogous to those already noticed 
in the lever and the pulley, where a small power appears to 
balance a weight many times greater than itself. But tbe 
rigour of mechanical justice requires that for work done 
there shall always be an equivalent expenditure of force; 
that for every weight raised there shall always be an equi- 
valent exertion of power; and in the above example, we 
see that 1,000 lbs. raised through 5 feet, is equivalent to 
3574 lbs. raised through 14 feet, because 1,000 x 5 =3574 
x 14. 

78. The inclined plane is regarded in mechanical science as 
a perfectly hard, smooth, inflexible surface, inclined obliquely 
to the weight or resistance. The line A c, Fig. 47, is called 
the length of the inclined plane, B c its height, and a b its 
base. If o be a heavy body placed upon it, it will act in the 
vertical direction o v, of a line passing through its centre of 
gravity g. Now g v may be made the diagonal of a paral- 

p. 47 lelogram g w v x, so that if 

g v represent the magnitude 
and direction of the weight, 
it may be resolved into the 
two forces represented in 
direction and magnitude by 
g w and g x, one of which is 
parallel, and the other per- 
pendicular to the plane; hence 
the pressure g v is equivalent to two other pressures, gw and 
g x ; the former of which, g w, is destroyed by the resistance 

* Tne subject of Friction is noticed in "The Rudiments of Civil 
Engineering," Part I. pp. 31—35. 
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plane, and the latter o x only acts to cause the descent of 
the body down the plane. Now gx is to vo as bc is to 
A b ; that is to say, a weight placed upon an inclined plane 
is propelled down the plane by a force bearing such propor- 
tion to the weight, as the height of any section of the plane 
bears to its length. If, therefore, it were required to draw 
the heavy body o up the plane, any pressure in the direction 
x o exceeding o x and the friction, would be sufficient to do 
so ; and any pressure in the same direction, which, with the 
friction, equals o x, would hold the weight in equilibrium. 

The same thing may be proved in another way. Let g vr 
be drawn perpendicular to a c, and o v vertical, which is the 
direction in which the weight acts, while x o or o y is the 
direction in which the power acts; and these two forces 
compose a force equal to the pressure of o on the plane, per- 
pendicular to a b, and forming the diagonal o w of a paral- 
lelogram, of which G v, G Y are the sides. Now, we know 
by the composition of forces (7, 10, 11), that the three lines 
o v, G Y, and g w, 
are proportional to 
the forces in those 
directions, so that 
the power p is to the 
weight G as g Y is to 
G v, or as A o is to 
ab; the triangles 
G v w, w Y G, and abc, being all obviously similar. Hence, if 
two weights balance each other on two inclined planes of tho 
same height (as in Fig. 48), the weights must be directly pro- 
portioned to the lengths of the planes on which they rest. 

79. In the foregoing examples the power acts in a direction 
parallel with the surface of the plane, for if the plane be sup- 
posed to be without friction, this is the most advantageous way 
of applying it.* If it act in any other direction, such as w d, 

* Because the whole effect of the power is exerted in drawing the weight 
up the plane ; whereas, if the power be directed above the plane, as in fig. 49, 

Mechanics,. E 
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Fig. 49, we get the proportion of the power p to the weight 
w by drawing w p perpendicular to the plane ac, we the 
K vertical of the centre of 

gravity of w, and e f parallel 
to w d. Now the two forces 
p and w must be propor- 
tional to the lines w d and 
w e, or they will not com- 
pound a pressure w f per- 
pendicular to the plane, 
which is necessary to main- 
tain equilibrium. 
If the power act parallel to the base of the plane, as in the 
direction w d, Fig. 50, its proportion to the weight will be that 
of the height of the plane to the base, for if w e be the vertical 
of the centre of gravity of w, and w d parallel to the base in the 
direction of the power, then wp will be the resultant of the 
weight and power, and must (to preserve equilibrium) be 

perpendicular to the plane ; 
Fig* 50. but this cannot be the case 

unless the triangles d f w, 
W F b, be each similar to 
the triangle bac; there- 
fore the power will be re- 
presented by the height c b, 
the weight by the base ba, 
and the pressure by the 
length a o. 

80. Such are the most important properties of the inclined 
plane, to which the principle of virtual velocities is as appli- 

it is partly expended in diminishing the pressure, and partly in drawing it 
up the plane. If the power be directed below the plane, as in fig. 50, it 
is partly expended in increasing the pressure, the remaining part only being 
efficient in drawing the weight up the plane. It will be seen hereafter that 
if friction be taken into consideration, the direction in which the power acts 
with most advantage is altered. 
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cable as to the other mechanical powers already considered. 
Let the weight G, Fig. 47, be at the foot of the plane, and the 
power p at the top ; then let p descend until g arrive at the 
top of the plane. Of course p will have descended through 
a depth equal to the length of the plane, while g will have 
ascended through a depth equal to its height; hence the 
perpendicular spaces through which the weight and power 
move in the same time are in the proportion of their velocities. 
The proportion of the weight to the power is that of tho 
length to the height ; hence the power and the weight are 
reciprocally as their virtual velocities, p multiplied by the 
space through which it moves is equal to w multiplied by tho 
space through which it moves. Hence, if the height of the 
plane be 2 feet, and its length 50 feet, p will have to descend 
50 feet, while w is raised 2 feet in vertical height ; and accord- 
ingly p must, as we have seen, exceed ^ of the weight of w 
in order to effect this. In this example we have supposed tho 
power to act parallel to the surface of the plane. If it act in 
any other direction, the principle of virtual velocities will still 
be found to apply. 

81. Some of the grandest examples of inclined planes are to 
be found in roads, the inclination of which, when they are not 
level, is expressed by the height corresponding to a certain 
length. Thus, when it is said that a certain road has a rise 
of 1 in 20, &c, it is meant, that if 20 yards or feet, or 20 
of any other units, be measured upon the road, the difference 
in level between the two extremities of the distance measured is 
1 such unit* On a level road the power is expended merely 
to overcome friction ; and on the same road it always bears a 
constant ratio to the load. This ratio varies on common roads, 
according to their goodness, from ^ to ^ or ^ of the load ; 

* The object of road-making is to render the inclined planes (which are 
naturally short and numerous) as few and long as possible, by throwing 
several into one. Single planes, however, of uny considerable length, can 
rarely be obtained. There is said to be none longer than that from Lima to 
Callao, which is about 6 miles, and has a descent of 51 1 feet, or about 1 in (30. 

E 2 
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but on an iron railway it is no more than T £j or thereof, 
according to the dryness or dampness of the rails.* Now, on 
a road rising 1 in 20, the power (a horse, for example) has 
not only to overcome friction, but has really to lift ^ of the 
load. So that if the whole force required on a level road were - 

of the load, on this rise it would become -fa -f -g^, or 
would be not quite double the force required on the level. But 
suppose that, instead of a common road, it.were a railway, and 
that the force required on the level were only of the load, 
then on the inclined plane we should require -f -fa = T | 
or eight times the power required on the level. Hence, the 
reason that steep planes are so much less admissible on rail- 
roads than on common roads ; and it is often necessary in road- 
making, and especially railroad-making, to take a circuitous 
route rather than carry the road over a steep hill. So also, a 
careful driver, in ascending a steep hill, will wind ft om side to 
side of the road to save his horses, knowing practically that 
in ascending a certain height the exertion is less by increasing 
the distance, which is done by this zigzag motion. The reasons 
for this practice, however, belong rather to physiology than to 
Mechanics, because, mechanically, the whole exertion required 
to lift the load to a given height must be the same, whether 
the route be long or short ; and the exertion required to over- 
come the friction must be greater, the longer the journey. 

It was seen in Fig. 48 that a weight upon one inclined 
plane may be made to raise or support a weight upon another 
inclined plane. It is not necessary that the two inclines 
should form an angle with each other, as in the figure. They 
may be in any position, and be connected by a rope 
passing over wheels, &c. Thus, in some railways, loaded 
waggons are made to descend one incline, and the force of 

* Hence, a carriage left to itself on an inclined road will not roll down 
unless the inclination exceed 1 in 20, or 1 in 40 (according to its 
smoothness), but on a railway it will roll down an inclination of 1 in 
150 or 200. For particulars respecting sliding friction, see " Rudiments 
of Civil Engineering," Part I. pp. 31—35. 
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their descent serves to draw another set of waggons up 
another incline. 

82. Instead of lifting a load by moving it along an inclined 
plane, we may effect the same thing by thrusting an inclined 
plane under the load. A moveable inclined plane is called a 
wedge, and it has sometimes been raised to the dignity of a 
distinct mechauical power. In its simplest form, as used for 
raising weights (such as shores placed to support buildings, 
the centres for arches, &c), its theory is precisely similar to 
that of Fig. 50, in which, instead of drawing the load in the 
direction w d, we may draw the moveable inclined plane (or 
wedge) a b c, in the opposite direction D w ; and if w be free 
to move only vertically up and down, it will obviously be 
raised through a height equal to b c by the motion of the 
wedge through a space equal to b a. In the wedge or move- 
able inclined plane (omitting the consideration of friction), the 
moving power must bear to the resistance moved, the ratio 
which the height of the plane bears to its base, and not (as in 
the fixed inclined plane, Fig. 47) the ratio of the height to 
the length. In the fixed plane, therefore, the power always 
balances a load greater than itself however steep the slope 
may be ; but in the wedge, the power and the load will be 
equal if the slope be 45°; and if it be steeper than this, the 
power will have to exceed the load. Thus, when the cen- 
tring for an arch descends by displacing the wedges on which 
it rests, a great power expends itself in overcoming a very 
small resistance, viz., that arising from the friction of the 
wedges ; and, generally speaking, it is not able to overcome 
even that resistance. 

83. As the wedge is commonly used for separating two 
surfaces that are pressed together by some force which consti- 
tutes the resistance, we must regard it in this case as a 
double wedge, or two inclined planes joined base to base. 
Such a wedge is generally used for cleaving timber, in 
which case it is urg#l by percussion. As regards its effi- 
ciency as a machine, the same rule has been applied to it 
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as to other simple machines ; the force acting on the wedge 
being considered to move through its length d c, while 

the resistance yields to the extent of its 
_ Fig ^ 51 * breadth ab. The force of percussion 

(as will presently be explained) differs so 
completely from continued forces, such 
as have hitherto been considered* that it 
admits of no numerical comparison with 
them; t. the proportion between a blow 
and a pressure cannot be defined ; so 
that the theory of the wedge, as given in 
scientific mechanics, is of scarcely any 
practical value ; and, besides this, the value of the wedge 
often depends upon that which is omitted in its theory, 
namely, the friction between its surfaces and the substance 
which they divide, as in the case of nails, bolts, and pins, 
used for binding substances together. Indeed, if it were not 
for friction, the wedge would recoil after every blow ; hence 
the friction, in this case, has been aptly compared to the 
ratchet-wheel (Fig. 31), which allows the intermission of the 
power without loss of effect. 

84. The wedge is especially useful where a very great force 
is required to be exerted through a very small space. A tall 
chimney, which, through some defect in the foundation, has 
fallen from the perpendicular, has been restored by means of 
the wedge. A ship is often raised in dock by wedges driven 
under its keel. The wedge is the chief power used in the 
oil-mill, where oil is obtained from seeds by enormous pres- 
sure. Masses of timber and stone are also split by means 
of the wedge. The application of the wedge is most exten- 
sive in cutting and piercing instruments, such as razors, 
knives, chisels, awls, pins, needles, &c. The angle of the 
wedge is made to vary according to the purpose to which 
the instrument is to be applied. The mechanical power of 
the wedge is increased by diminishing Us angle, but, in pro- 
portion as this is done, the strength of the tool is diminished 
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Accordingly, the angle of the wedge is made to vary in 
different tools ; in those used for cutting wood it is generally 
about 30°; for cutting iron, it is from 50° to 60°; and for 
brass, from 80° to 90°. 

85. Another variety of moveable inclined plane, commonly 
regarded as the sixth and last simple machine, is called the 
screw. In the case of the inclined plane, its mechanical 
effect is not impaired by giving it a curved instead of a 
straight course. Whether it be made to wind round a hill, 
or proceed in a straight line to the summit, is a matter 
of no consequence, except that the winding incline will be 
longer and easier than the shorter and steeper one. Now, 
the screw is nothing more than an inclined plane winding 
round a cylinder, and bearing the same relation to the 
ordinary inclined plane, that a circular staircase does to a 
straight one. The cylinder constitutes the body of the 
screw, and the inclined plane is called its worm or thread. 

The screw, then, is an in- 
clined plane, constructed upon 
the surface of a cylinder ; and 
the usual method of forming 
it is at the turning lathe, in 
which a cylinder of wood, or 
metal, is made to revolve upon 
its, axis ; and a cutting point 
being presented to it, is moved 
in the direction of the length of 
the cylinder, at such a rate as 
to be carried through the dis- 
tance a b between two turns of the thread, while the cylinder 
revolves once. The shape of the thread may be square or 
triangular : the former is the stronger, but the latter has 
least friction, because there is least surface to rub. 

86. In the application of the screw, the power is usually 
transmitted by causing the screw to move through a hollow 
cylinder, or nut, n, on the interior surface of which are a 
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number of threads, exactly corresponding to those on the 
screw. The threads of the screw move in the spaces be- 
tween the threads of the nut, and vice versd. The power 
is applied, either to turn the nut while the screw is prevented 
from turning, or to turn tbe screw while the nut is kept from 
turning. Neither can be done without producing a longi- 
tudinal motion of one or the other, whichever meets with 
least longitudinal resistance ; but this resistance may exceed 
the turning power, in the proportion that the revolving 
motion exceeds the longitudinal motion. Thus we gain power 
by losing motion, as in all other cases where power appears 
to be increased. 

87. In the method of applying the screw shown in the 
above figure, we get really a compound machine, consisting of 
the lever and the screw. The power is applied to the end of 
the lever at p, while the weight or pressure, w, is sustained by 
the screw, as in the common screw -press. Now, supposing 
the distance a b, between any two threads of the screw, to 
be half an inch, and the circumference of the circle described 
by turning round the end of the lever p to be 5 feet, or 60 
inches, or 120 half-inches ; then, a force or pressure of 1 lb. 
at p would sustain 120 lbs. at w. This is, of course, omit- 

■ 

ting the effect of friction, which in the case of the screw is 
very great.* The condition of equilibrium, therefore, is, 
that the power, multiplied by the circumference which it 
describes, is equal to the weight, or resistance, multiplied by 
the distance the screw or nut can move longitudinally during 
one turn, i. the distance between the centres, or other cor- 
responding parts, of two contiguous threads, or rather turns 
of the same thread, t which distance is called the pitch of 

* It is almost always sufficient by itself (as iu tbe wedge) to balance 
the longitudinal force w without any assistance at p. Thus, it generally 
happens tlat no longitudinal force is sufficient to turn the screw, for its 
tli reads would be destroyed rather than turn. 

t In Fig. 52 this distance is twice a b, because tbe screw is double- 
threaded. Screws with more than one thread are occasionally (tbough 
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the screw. Or, the power : the weight : : the distance 
between two contiguous threads : the circumference described 
by the power; which agrees with the principle of virtual 
velocities. 

It will be seen from this, that we may increase the mecha- 
nical efficacy of the screw, either by causing the power to 
move through a greater space, by increasing -the length of 
the lever ; or, secondly, by increasing the number of turns 
of the thread, the effect of which will be to bring them 
. closer together. Thus, in the above example, if the pitch 
were \ instead of $ an inch, the other conditions remaining 
the same, the efficacy of the machine would be doubled, 
and the power of 1 lb. would sustain 240 lbs., instead of 
1 20 lbs. 

88. There is, however, a practical difficulty in increasing 
the number of turns in the thread of a screw, for, as they 
become crowded into a small space, they become more delicate, 
and are apt to be torn off under a considerable force, while, if 

» 

the length of the lever be increased, the machine becomes 
unwieldy. These objections have been entirely got rid of by 
the ingenious contrivance of the differential screw by Mr. 
John Hunter, the celebrated surgeon, a b, Fig. 53, is a nut, 
or plate of metal, in which the screw c i> plays. We will 
suppose the number of threads in this screw to be 10 in 
every inch. This screw c d is a hollow nut, receiving the 
smaller screw d e, which contains, we will suppose, 1 J 
threads in every inch; this smaller screw is free to move 
longitudinally, but is prevented from moving round with the 
former, by means of the frame -work a p g b of the press. Now 

very rarely) made. They are only useful in cases where a longitudinal 
force is to produce rotary motion. For instance, the interior of a rifle * 
barrel is a screw, or rather nut of this kind, intended to impart to the ball 
a rotation round the line of its motion ; the use of which is, to prevent 
a rotation round any other axis, which usually takes place in other pro- 
jectiles, and (unless they be perfectly spherical) increases the resistanci 
they encounter. 

E 3 
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Fig. 53. if the handle gel be turned 

round 10 times, the screw c d will 
move 1 inch upwards; and if the 
smaller screw d e were to move * 
with c D, the point e would ad- 
vance an inch. If we then turned 
the screw de alone 10 times back- 
wards, the point e would move 
down -J^ths of an inch ; and the 
result of both motions would have 
been to lift the point e -^ T th of 
an inch upwards. But if the screw 
cd is turned 10 times round, 
while D E is kept from turning, 
the effect will be the same as 
if it had moved 10 times round with cd, and then have 
been turned back again ten times without cd; that is, it 
will advance yVth of an inch, and at one turn instead oi 
1 0 it will advance ^th of th, or -rh^h °f an inch. If, 
therefore, the lever at k move through a whole circumference 
of a circle, the part E, which acts directly upon the weight, is 
moved through a space equal to the difference between the 
pitch of the thread of c d and that of d e ; whence the name 
of the arrangement. If we suppose the handle to be only 
6 inches long, the power of this machine will be expressed 
by the number of times the 110th of an inch is contained in 
the circumference of a circle of 6 inches radius, or 12 inches 
diameter. Now, by multiplying the diameter of a circle by 
3.1410, we get its circumference ; and 

12 x 3.1416 = 37.6992 x 110 = 4146.912; 

so that, by moving the power once round with the force, say 
of 1 lb., the screw is raised through the 110th part of an 
inch, with a force of 4147 lbs. nearly; which shows the 
superiority of this over the common screw ; for, in the latter, 
to gain the same power, there must be 110 threads in an 
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inch, which would render them too weak to resist any consi- 
derable force. 

In the usual method of applying Hunters screw, the two 
threads are cut on different parts of the same cylinder. Upon 
these are placed nuts, which are capable of moving in the 
direction of the length, but are not allowed to turn round. 
It is clear, therefore, that by turning the screw once round, 
the two nuts will be brought nearer together, or driven farther 
apart, according to the direction in which the screw is turned, 
through a space equal to the difference of the pitch of the 
two threads. In this way, Hunter's screw is well adapted to 
the purposes of a micrometer screw, because it admits of an 
indefinitely slow motion, without requiring exquisite work- 
manship in the thread. The uses of the screw as a micro- 
meter have been noticed in our " Introduction to the Study of 
Natural Philosophy." 

89. Fig. 54 is a contrivance usually described, in bobks on 
Mechanics, while speaking of the screw. It is called the 
endless, or perpetual screw, from having no Fig. 54. 
longitudinal motion, and therefore no limit 
to its range ; but is really a complex ma- 
chine, being compounded of the screw and 
the wheel. The thread of the screw is so 
arranged as to act upon the teeth of the 
wheel, which are placed obliquely to its 
axle, like the sails of a windmill; and, in fact, 'may be 
regarded as forming exceedingly short portions of the threads 
of a many-threaded screw, of which the wheel forms a "very 
thin slice, perpendicular to its axis. This wheel bears the 
same relation to the nut, whose place it supplies, that the 
spur-wheel (Fig. 33) bears to the rack (Fig. 30). If the 
common screw be allowed no motion but that of rotation, its 
nut must move longitudinally ; and the teeth of this wheel 
move longitudinally with regard to the small cylinder, but the 
wheel renders this motion circular, and therefore unlimited. 
The cylinder, on which the screw is cut, being set in motion 
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by a winch, or other means, produces a motion of the wheel 
upon its own axis, which may be in any direction. The rela- 
tion between the power and the resistance, supposing the 
circles which they describe to be equals will be as unity to the 
number of teeth in the wheel ; for each turn of the screw 
only moves the wheel through the space of one tooth. Hence, 
if the power and the resistance act with different leverage, or 
at different distances from their respective axes of motion, 
the moment of the load, with regard to the axis of the wheel, 
may exceed the moment of the power, with regard to the axis 
of the screw, as many times as the wheel has teeth. For 
instance, let the wheel have 30 teeth : let the power act on 
a winch 1 foot long, and the load be a weight hanging from 
a barrel of 3 inches diameter ; then the power applied to the 
circumference of the wheel must be 8 times the load (for 
1 foot -f- lj inch = 8); but, as there are 30 teeth in the 
wheel, the load on the winch of the screw may exceed the 
power 30 times 8 = 240 times. This elegant machine has 
obviously far less friction than the ordinary screw ; and it is, 
perhaps, the most compact method ever invented for effecting 
a great change of velocity, and a consequent concentration or 
diffusion of power, according as the screw is made to turn the 
wheel, as in a barrel-organ, or the wheel the screw, as in a 
roasting-jack. It would require a train of 3 or 4 pairs of 
wheels and pinions to produce the change here effected by 
one wheel of the same size ; for, as a pinion cannot have less 
than 6 or 8 teeth, it will turn a wheel 6 or 8 times faster than 
the same wheel would be turned by this screw, which may be 
regarded as a pinion of only one tooth ; and, conversely, the 
wheel will turn the screw 6 or 8 times, while it would be 
turning a pinion once. But these advantages are greatly 
counterbalanced, by the fact that the action between the wheel 
and the screw is necessarily a rubbing, and not a rolling 
action, as that between the wheel and pinion should be (page 
58), and thus it leads to far more rapid wear. 

The most important applications of Statics to the equili- 
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brium of fixed structures are treated of in " Rudiments of 
Civil Engineering." 

90. In concluding this notice of the mechanical powers or 
elements, we may observe that none of them can be regarded 
as artificial inventions; they are all copied from Nature's 
mechanism. The lever, as we have seen, is the general 
machine employed in animal movements. The wheel, also, 
is found in some of the lower infusorial animals. The cord- 
and-pulley principle is employed in our tendons, some of 
which have their direction changed by passing over fixed 
pulleys of cartilage, like the ring in Fig. 36.* Inclined planes 
and wedges constitute the cutting-teeth, tusks, horns, and 
other offensive weapons of animals. Some of the smallest 
animals are furnished with screws, or gimlets, by which they 
pierce the hardest woods, and even stone; and the screw 
appears to be employed throughout nature, from the huge 
weapon of - the narwhal, down to the minutest microscopic 
vessels of plants, not as a mechanical power, but as a con- 
structive form, uniting strength with lightness and beauty.t 
Nor does it seem absent from the inorganic world ; for, 
among the mysterious relations of light, electricity, and mag- 
netism, are found some which point to screw-like properties, 
or actions, in the elementary molecules of matter. Magnets, 
and electric currents, exhibit mutual actions comparable to 
nothing else but those of the screw and its nut ; and light is 
subject, by the action of certain crystals, and (as Faraday 
has lately discovered, by this same force of magnetism also), 
to a kind of polarization, called circular, which possesses 
screw-like properties. 

* One of the muscles by which the eyeball is moved is called the 
trochlearis, from the trochlea or pulley through which the tendon passes. 

f Nature presents us with two species of screws, possessing opposite 
longitudinal motions, when their rotations are alike ; or opposite rota- 
tions, when their longitudinal motions are alike. Convenience dictates, 
however, that all artificial screws should be of the same kind, and this 
kind is called right-handed. An example of the contrary, or left-handed 
screw, occurs in the tendrils of the hop. 
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I. ON DYNAMICAL, OR UNBALANCED FORCES — INSTANTANEOUS 

FORCES OR IMPACTS. 

91. When the forces or pressures which have been con- 
sidered in the science of Statics cease to be balanced, the 
body on which they act is set in motion ; in which case, 
other principles become involved in addition to those consi- 
dered in statics, and the investigation of these constitutes 
the somewhat more complex science of Dynamics.* 

Statics is a deductive science, all the facts which it con- 
siders being deducible, like those of arithmetic or geometry, 
, from abstract truths. The only difference between these 
sciences consists in the number of these abstract truths or 
ideas which are taken into consideration. In arithmetic, the 
simplest of them, we admit only the idea of number ;i in 
geometry we add to this the ideas of space and direction ; 
and in statics we have to add yet another fundamental idea, 
that of force or pressure. In dynamics we have further to 
introduce the ideas (inseparably dependent on each other) of 
titne and motion ; but in doing so we have also to depart 
from the province of pure deduction, and to admit truths 
which are not perceived by the mind to be necessary, but 

* This word being derived from #uva/j(g, force or power, would pro- 
perly include all the mechanical sciences, but custom has restricted it to 
that of motion, and placed it in opposition to Statics, which equally re- 
iates to forces. 

t In fractional arithmetic, indeed, and still further in algebra, or uni- 
versal arithmetic, by a gradual extension of this idea, it is converted into 
the more comprehensive one of magnitude or quantity. 
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which depend on what are called laws of nature, and can 
only be proved by an appeal to those laws, t. e., by experi- 
ment. Thus, dynamics stands at the head of the physical, 
experimental, or inductive sciences, and is, as far as regards 
its inductive part, the simplest of them all. Indeed, the 
facts of this science, which had to be established inductively, 
were so few and simple, that they were all completely esta- 
blished more than two centuries ago, thus leaving the science 
to be pursued entirely by. the method of deduction ; while in 
no other inductive science can it be said that the induction is 
yet complete, or even likely soon to approach completion.* 

92. Of the abstract ideas above mentioned, such as number, 
space, time, pressure, motion, it is neither necessary nor 
possible to give satisfactory definitions. We shall not, there- 
fore, introduce the reader into Dynamics by attempting to 
define motion, any more than on introducing him into Statics 
we attempted to define force. 

As the degree or intensity of motion may vary to any 
extent, this intensity, which is called velocity, may be treated 
like any other magnitude ; that is to say, velocities may be 
compared with each other like pressures (4), so that their 
ratios may be represented by those of lines, areas, numbers, 
or any other class of magnitudes. But we must here observe, 
that in representing velocities by numbers, we have no 
standard or unit which has been agreed upon, and distin- 
guished by a particular name, as the pound, ounce, &c., for 
comparing pressures, or the foot, inch, &c, for comparing 
lengths. Now this seemingly trivial fact leads to more cir- 
cumlocution, and to the mathematical reader to more unneces- 
sary difficulty in the outset of this subject, than might at first 
be supposed. For instance, as we cannot form the concep- 
tion of a motion without associating with it some time during 
which it lasts : the velocity may be constant or uniform 

* Astronomy, or rather that portion of it which may seem an exception 
to this statement, can only be regarded as a branch of Dynamics, 



Digitized 



88 



VELOCITY qpw MEASURED. 



throughout that time ; or it may be continually accelerated or 
retarded, in which cases the velocity at any one moment will 
be different from that which occurs in the preceding or suc- 
ceeding moment. Now, as there is no fixed unit of velocity, 
we must use two numbers to express a velocity, for we can 
only represent it in numbers by using the units of two other 
kinds of magnitude, time and length. Thus, we speak of a 
velocity of 1 2 miles an hour, or of a mile in 5 minutes ; mean- 
ing, in the first case, that if the motion continued uniform for 
1 hour, the space described would be 12 miles; or, in the 
second, that if the motion continued uniform through 1 mile, 
the time elapsed would be 5 minutes. But this evidently 
applies only to uniform motions ; so that, in expressing the 
velocity of a variable motion at any given instant, though in 
reality we have nothing to do with any other instant, in which 
the velocity is different, yet we are obliged to assume that it 
continues uniform through a certain time or space, and then 
state what the corresponding space or time would be upon 
this assumption. 

The method of ascertaining the velocity of a motion at one 
given instant, when it is constantly increasing or diminishing, 
is a subject into which we cannot now enter. We hope pre- 
sently to be able to make the reader understand the simplest 
case of this problem ; but we may observe that its general 
treatment in more complex cases is at once so difficult and so 
important, as to have been beyond the reach of all the mathe- 
matics of the ancients, and to have been the immediate object 
of the invention of fluxions by Newton, and of the differen- 
tial calculus by Leibnitz — the two greatest achievements ever 
made in abstract reasoning, and also the most useful ; for the 
whole subsequent progress of exact science has depended on 
them. 

93. In statics, force was regarded simply as that which is 
necessary to oppose or balance force. We are now to regard 
it, not as it is sometimes defined, the cause of motion, but as 
the cause of change of motion. It is to the false idea of 
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force conveyed in the former definition that we may trace the 
origin of nearly all the errors in mechanical reasoning com- 
mitted before the establishment of the true principles of 
dynamics, and still fallen into when these principles are 
neglected. The reader must regard it as fully established, 
that force, in the sense in which we have already used it in 
statics, is not required for the maintenance of motion, but only 
for its change — i. e., for effecting, 1st, a change of state from 
rest to motion, or from motion to rest;* 2nd, a change in the 
velocity of motion, either by accelerating or retarding it ; or, 
3rd, a change in its direction, by deflecting it upwards, down- 
wards, to the right, or to the left. The inertia of matter is 
only another mode of impressing this idea. And since matter 
is inert, that is, has no tendency either to rest or motion, t a 
body impressed with a motion must persist in that motion, in 
a straight line and with uniform velocity, for ever, unless some 
new force act upon it, either to change its state, its direction, 
or its velocity ; for it cannot of itself change either its state of 
rest or its state of motion, its velocity or its direction. This 
cannot, indeed (like the facts of statics), be discovered by d 
priori reasoning, but is inferred from experiments and obser- 
vations on all the motions producible by us, or presented to 
our notice either in the heavens or on the earth, and is known 
to be true, because any other law which can be substituted for 
it will be incompatible with some or all of those motions. 

94. We are therefore to regard as being in equilibrium, not 
only such bodies as are at rest, but also such as are perform- 
ing uniform rectilinear motion; for it is only while their 
velocity or direction is changing (i. while they are being 
accelerated, retarded, or moving in a curve) that the forces 
acting on them can be unbalanced, or can produce a resultant 

* This effect, however, never comes under our observation, because 
we know of no body in the universe in a state of absolute rest. All the 
observable effects of force, therefore, are included in the expression change 
of motion. 

t See " Introduction to Natural Philosophy." 
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pressure ; and as long as this pressure remains unbalanced, 
the motion will continue changing in velocity, or direction, or 
both ; whenever it becomes straight and uniform, the resultant 
of all the forces acting on the body = 0, or it is not subject 
to any unbalanced force. Thus, when a train or a steam- 
boat has been started, its velocity continues for a certain 
time to increase, because the forces that urge it forward 
exceed the friction in one case, or the resistance of the water 
against the bows of the boat in the other ; but these opposing 
forces are dependent on the velocity, and increase because it 
increases, so that they presently become equal to the forward 
force imparted by the engines, and then the motion becomes 
uniform, and the body, although moving at its full speed, is as 
completely in equilibrium as when it was at rest. Thus, the 
motive power is required, not to maintain the motion^ but to 
maintain eguilbrium with the opposing friction or resistance. 
The motion is maintained because the body has been set in 
motion, and, being inert, has no tendency of itself to alter 
that state; and also because any alteration of velocity (whether 
an increase or diminution) would, by increasing or diminish- 
ing the resistance, while the steam-power remains unaltered, 
leave a portion of the former or of the latter unbalanced, and 
this unbalanced force acting against or with the direction of 
the motion, would retard or accelerate it till the former velo- 
city was re-established. Thus the equilibrium is stable, or 
tends, when disturbed, to restore itself. 

Similar to this is the case of a parachute or of a drop of 
rain, which being subject to the constant force of gravity, falls 
with constantly increasing velocity, till the resistance of the 
air against its fall becomes equal to its weight, which h 
thenceforth expended in balancing that resistance, so that its 
velocity continues uniform. But in falling bodies generally, 
thia equilibrium is never attained, so that their velocity con- 
tinues to be accelerated throughout their fall. 

95. The dynamical effect of force, then, being a change in 
motion, it will readily be seen that a continued force or 
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pressure, such as we have hitherto been chiefly considering, 
must produce a continuous change, whether in velocity or 
direction (which must in this case be curved). The simpler 
effect of a sudden change of velocity, or an angular deflec- 
tion, can only be produced by an impact, or instantaneous 
exertion of force, such as was mentioned when speaking of 
the wedge (83) ; and to this kind of force we will, therefore, 
for the present confine ourselves. 

96. The greater part of the forces which impart motion to 
a body act directly upon only a few of its molecules : thus, 
when a billiard ball is struck with the cue, we touch only a 
small portion of its surface ; when a bullet is projected from 
a gun, the gases suddenly evolved from the powder act upon 
only one hemisphere of the bullet. As all the parts of a 
body are set in motion by an impulse communicated to a few 
only of its molecules, it is clear that there must be a diffusion 
of motion from the parts struck or acted on over all the other 
parts of the body before it can begin to move. When this 
is not the case, the part struck is compressed, flattened, or it 
is chipped off, and performs its journey alone, leaving the 
mass behind ; but when the force has time to be propagated 
through all the particles, the body is then impressed with a 
motion common to all its particles. This diffusion of motion 
from particle to particle requires time; the time may be 
exceedingly short, but not infinitely so; it depends upon the 
extent of matter to be moved, and also upon its nature, such 
as whether it be metal, stone, clay, wood, water, air, &c* 

When a force has acted upon a body, and the motion has 
diffused itself over all the molecules, so as to impress them 
with a common velocity, the force has done its work ; it has 
produced its effect, and may be said to have passed from the 
moving power, or source of motion, into. the thing moved. 
Thus a stone projected by the hand, by a cross-bow, by a 
sudden blow, or by an explosion, describes a certain path in 
space in obedience to the force which has acted upon it once 
* See " Rudimentary Pneumatics" — Sound. 
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for all, and then ceased, leaving tbe force thus impressed to 
do its work. Now, if the stone in its progress met with no 
other form of matter, neither with air, nor with water, nor 
any other fluid, neither with any solid body at rest or in 
motion — if, in short, no other force acted upon it, it would 
continue to move with the same velocity and in the same 
direction for ever. 

97. The moving body, then, retains the impression of the 
force to which it has been subjected, and we may naturally 
conclude that the same force would not produce the same 
effects on different bodies. The charge of powder capable of 
projecting a small shot, for example, may scarcely produce the 
slightest motion in a cannon-ball. It may be said that the 
reason for this is, that the ball is so much heavier than the 
shot ; but if this were the true reason, it would follow that 
if bodies of all kinds were deprived of weight, or had their 
weight neutralized by being suspended or balanced, they 
might all be set moving with equal velocity by the same 
impact. This would certainly not be true, for it is an estab- 
lished principle in mechanics, that when the same force acts 
upon different bodies free to move, their velocities are in the 
inverse ratio of their masses, or of the quantity of matter of 
which they are composed. Thus the same charge of gun- 
powder which would project leaden balls whose volumes or 
masses were as 1, 2, 3, 4, &c., would impart velocities to 
them as the numbers 1, J, J, &c., so that the ball whose 
mass is 10 would acquire from the same force a velocity of 
-j^yth ; the mass equal to 100 would have a velocity 100 times 
less than that of a mass equal to 1, and so on ;* hence it will 
be seen that the mass multiplied into the velocity gives in 
each case the same number : in the first case, 1x1 = 1; 
in the second, 2 x £ = 1, and so on. This product of the 
mass of a moving body by its velocity, is called the momen- 
tum, or moving force, or quantity of motion. In speaking of 

* When there is no friction, the smallest impact is sufficient to impart 
motion to the largest mass ; but only, of course, a very slow motion. 
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multiplying a velocity by a weight, we of course mean only 
that the units of weight (ounces or pounds, for example) 
are to be multiplied by the units of velocity (feet per second, 
or miles per hour, for example) ; and it matters not what 
units of each kind are employed, for the product thus ob- 
tained means nothing by itself but only by comparison with 
other products similarly obtained by the use of the same 
units ; and the result of this comparison will be the same, 
whatever units are employed. The momenta, or quantities 
of motion, in any number of bodies, found in this way, will 
bear the same ratios to each other, whether all their weights 
be measured in ounces or in tons ; their velocities in inches 
or in miles, and by the second or by the hour, provided, 
always, that they are all measured in the same manner. It 
appears, then, that the same impact always gives the same 
quantity of motion, whatever may be the body which it 
/mpels; so that the true measure and characteristic of an 
instantaneous force or impact, is the quantity of motion it is 
capable of imparting. Thus, we may describe an impact by 
saying that it is equal to 50 lbs. moved 1 foot per second, 
or 1 lb. moved 50 feet per second, or 2 lbs. moving 25 feet 
per second, &c. &c, all meaning the same thing. 

98. In ordinary language, the force of any moving body 
means its momentum, or the impact required to stop it, or to 
impart the samo quantity of motion to a body previously at 
rest.* Hence, we see: — 1. That when equal masses are 
in motion, their forces are proportional to their velocities. 
2. That when the velocities are equal, the forces are pro- 
portional to the masses, or quantities of matter. 3. That 
when neither the masses nor velocities are equal, the forces 
are in the proportion of both taken jointly, that is, the pro- 
portion of their products. 

* But the useful effect is in most cases proportional not to the momen- 
tum, but to the vis viva, for which see 11 Rudiments of Civil Engineering/' 
Part I. p. 24. 
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99. These theorems may be illustrated by the apparatus 
shown in Fig. 55. Two balls of clay, A, b, or of some other 
comparatively inelastic substance,* are suspended by strings, 

Fig. 55. so as to hang 

in contact at 
the middle of 
a graduated 
arc. The arc 
should be cy- 
cloidaland di- 
vided, not in- 
to equal parte, 

but as shown 
in the figure; 

■viz.. so that 
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the numbers 1, 2, 3, &c, may be proportional to the perpen- 
dicular heights above the level of the point o. Now it will 
be proved presently, in treating of gravity, — 1. That when a 
ball thus suspended is let fall from any point of the arc, its 
velocity will be the same whatever may be its mass. 2. That 
this velocity will continually increase till it reaches the point o. 

3. That on arriving there, its velocity will be proportional to 
the square root of the vertical height which it has descended. 

4. That if it start from o with this same velocity, it will 
ascend to the same height from which it must have fallen to 
have acquired that velocity, and no higher ; because its velo- 
city is, by the action of gravity, constantly diminished, till 
at this precise height it is destroyed. The velocities of the 
balls, therefore, at the moment of their arrival at, or depar- 
ture from, the point o, may be exactly measured by noting 
the divisions on the scale from which they have descended, 
)r to which they ascend, provided the 4th division be reck- 
oned 2, the 9th division, 3, &c. Now, suppose these balls to 
be equal in mass, and to be moved in opposite directions, 

* Wax softened by the addition of one-fourth its weight of oil answers 
very well. 
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A towards d, and b towards e, and then allowed to fall at the 
same moment : if the balls fall through equal arcs, they will 
of course impinge upon each other with equal velocities, and 
each will destroy the force of the other, and remain at 
rest ;* for equal masses having equal velocities must have 
equal forces. 

Let us next suppose that the ball a is double the weight or 
mass of b ; and let a be raised towards d as far as to the 
first division; and let B be raised towards e as far as the 
fourth division. When allowed to descend, at such an in- 
terval of time as to bring them both at once to the point o, t 
their velocities will be as 1 : or as 1 : 2 ; but as 
their masses are as 2 to 1, their forces will be as 2 x 1 to 
1 x 2, or equal. Accordingly, after impact these two bodies 
will remain at rest, because the equal and opposite forces havo 
destroyed each other. So also, if any balls have their masses 
inversely as their velocities, their forces will be equal, and 
they will consequently remain at rest after impact. 

Again, suppose a and b to be unequal in mass, but equal 
in velocity ; that A is twice the size of b, and that each is 
allowed to descend from the same height, at d and e ; if 
the velocity of each be called 6, the quantity of motion in 
a may be expressed by 2 x 6 = 12, while that in b will be 
only 1 x 6 = 6. After impact the six parts of motion in 
B will destroy 6 parts of the 12 in a, leaving only six parts 
in both bodies. Now the combined mass of both being = 3, 

6 

and their momentum = 6, their velocity must be 3= 2; 
so that both will move on together with a velocity of 2, that 

* If the experiment be carefully performed with balls of clay, and the 
arcs be of considerable extent, so as to give a great velocity, the balls on 
impinging will penetrate each other, and form one ball. If the balls be 
of lead, they will, under the same circumstances, flatten each other, and 
then remain at rest. 

t The exact adjustment of this interval renders the experiment difficult, 
unless the balls be made to follow a cycloidal arc, by confining the strings 
with cycloidal cheeks, in the manner described further on. 
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is, £ of their velocity before impact ; and this will carry them 
to ^ the height from which they descended. Similar results 
will be obtained when the balls are equal in mass, but have 
been raised to different divisions. 

100. This experiment may be pleasingly varied by using 
balls of ivory, or some other elastic material ; in which case, 
the quantities of motion which oppose each other are not 
destroyed (as with inelastic bodies), but reversed ; or at least 
would be so if the elasticity of the bodies were perfect ; but 
with all natural bodies a portion is destroyed and the rest 
reversed. The following effects, however, though never 
exhibited in perfection, may be very nearly imitated by the 
use of ivory balls. If the balls be equal, on removing a from 
the vertical up to any division, say v/4, on the arc, and 
allowing it to descend and impinge on b, which is at rest, b 
receives the whole of a's motion, leaving a at rest, and starts 
off with the force of a, ascending the same number of de- 
grees on the opposite scale that a had descended. Balls of 
clay or wax thus treated would have moved on both together 
to the division 1, because the same momentum being shared 
by twice as much matter, must impart to it half as much 
velocity. If the ball a has a different mass from b, greater 
or less, instead of being left quiescent after impact, it moves 
in the same direction with b if its mass be greater, or it 
rebounds in an opposite direction if it be less.* 

• But in no case will the balls remain together. The quantities of 
motion gained by one and lost by the other being equal, while their 
masses are unequal, the velocities gained and lost will be inversely as 
their masses. When the velocity lost by the striking ball exceeds its 
whole velocity before the blow, this excess expresses its velocity in the 
opposite direction ; for motion lost, or motion gained in the opposite 
direction, are the same thing. If a body moving northward at 10 miles 
an hour, have its velocity reduced to 3 miles an hour, it matters not 
whether we say it has lost 7 units of velocity northward, or gained 7 
southward ; and if its motion had been reversed, and become 3 miles an 
hour, we may either say that it has lost 13 units of northward velocity, or 
gained 13 of southward. 
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101. When a number of ivory balls of the same size are 
suspended, as in Fig. 56, and the first is removed from the 



Fig. 56. 



^ * * %m®m 

1 2 1 4 o 8 7 



vertical, and allowed to impinge upon 
the others, the last only, No. 7, is 
moved, and this starts off with the 
quantity of motion which No. 1 had 
the moment it struck No. 2. If the 
balls No. 1 and No. 2 be both raised 
from the vertical, and allowed to fall 
together, the last two, Nos. 6 and 7, 
will be raised. 

102. In the foregoing cases we have considered the effects 
resulting from the impact of bodies advancing from opposite 
directions. Of course, bodies moving in the same direction 
may impinge if their velocities be different. Thus, if a 
non-elastic body be overtaken by another, the two bodies 
after impact will move with a common velocity. If they be 
equal in mass, half the sum of their velocities will be their 
common velocity after impact. Since the bodies move in the 
same direction, there can be no increase or diminution of 
motion by impact, but only a re-distribution. If before 
impact a move with the velocity of 5, and b with that of 3, 
the common velocity of the two bodies, after impact, will be 
4, the half of the sum of 5 + 3. 

Now suppose A and b to be unequal in mass, as well as in 
velocity. If the mass of a be 9 and its velocity 12, its 
quantity of motion will be 108. If the mass of b be 7, and 
its velocity 9, its quantity of motitn will be 63. The sum 
of the two motions will therefore be 108 + 63 = 171 ; and 
this of course will be the whole motion of the united masses 
after impact. Dividing this, therefore, by the united masses 
(9 + 7 = 16), we find 171 -f- 16 = 10 the common velo- 
city of the united masses. In general, therefore, when two 
masses moving in the same direction impinge one upon the 
other, and after impact move together, their common velocity 
may be determined by multiplying the numbers expressing 
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ttxe masses by the numbers which express the velocities ; the 
sum of the two products thus obtained, divided by the sum 
of the numbers expressing the masses, will give a quotient 
expressing the required velocity. 

103. When a moving body comes in contact with a body 
at rest, it can only continue its motion by pushing this body 
before it, and consequently communicating to it such a quan- 
tity of motion that after impact they move with a common 
velocity. If the mass of the moving body be equal to that 
of the body at rest, it is evident that after impact the motion 
will be equally divided between the two masses, and the 
velocity will now be only one-half, since the mass has been 
doubled. It will be only the third of the velocity, if the 
mass at rest is double that of the moving body; and in 
general, when a moving body communicates motion to a body 
at rest, the united velocity of the two bodies is to that of the 
moving body as the mass of the latter is to the sum of the 
masses of both. For example, if a musket-ball weigh ^th 
of a pound, and its velocity on being fired be 1300 feet per 
second, if it strike a cannon-ball of 48 pounds, suspended as 
in Fig. 55, it will set it in motion ; and the common velocity 
of the two is to that of the bullet as -fa is to 48 -f- Jp, or 
as 1 is to 961 ; the common velocity of the two is, therefore, 

1300 , 

, or about 1 J feet per second. 

When a musket-hall strikes against a large stone, or is fired 
at a mountain, it communicates both to the stone and to the 
mountain a certain velocity, small indeed, and not measure- 
able unless we could know the mass of the mountain in addi- 
tion to other particulars. The mass of a large stone, however, 
is easily found ; suppose it to weigh 500 lbs., or that its mass 
equals 500, its velocity after impact with the musket-ball 
moving at the rate of 1300 feet per second, and weighing 
V&th of a pound, will be to 1300 feet as is to 500 + ^, 
or as 1 is to 10001 ; so that the common velocity of the 
musket-ball and the stone after impact will be about 
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I£ inch per second, a motion which is speedily destroyed by 
resistance and friction : or rather, this motion is speedily 
absorbed by surrounding bodies, and $ven by the mass of the 
earth. Hence it may be said that motion communicates itself 
among material bodies, and is never lost ; when it appears to 
be so, it in fact only passes from the moving body into other 
bodies which are at rest, or are endued with a less velocity, 
and at length it becomes insensible in consequence of its 
enormous diffusion. In fact, as we have seen, motion can 
only be destroyed by motion ; resistances and friction disperse 
it, but do not destroy it. 

104. The velocity of projectiles is measured on the princi- 
ples of impact, by a large mass of wood, or of metal, sus- 
pended with as little friction as possible, by a bar of iron, and 
called a ballistic pendulum (Fig. 57). The cannon-ball whoso 
velocity is to be determined is fired against the solid block 
of this pendulum, and the -pig. 57^ 

height to which it is made 
to oscillate by the blow is 
shown by an index on a 
wooden arc, and determines 
the velocity with which the 
mass first began to move, 
when its quantity of motion 
was equal to that with which 
the ball struck it. In the 
next section it will be shown 
how this is determined, but wo may here observe that the 
velocity at starting is proportional to the square root of the 
vertical height ascended (99), whatever may be the curve ; 
when that curve is circular, as in this instance, the velo- 
cities are as the chords of the arcs described ; so that if 
the arc be so graduated that the^ numbers are proportional 
to their distances in a straight line from 0, they will correctly 
express the relative velocities at starting from 0. 

Persons who are fond of the marvellous sometimes relate 

F 2 • 
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facts respecting the effects of musket-shots and cannon-balls 
which are not generally believed, although they are simple 
consequences of the principles we are now considering. Thus, 
a musket-ball will pass through a window-pane without 
cracking the glass, leaving only a clear round hole. If the 
musket-ball were thrown by hand, the whole pane would be 
shattered; but with the usual velocity of a nfusket-ball, that 
portion of the glass actually struck alone yields to the blow, 
and the ball has done its work before the surrounding parts 
have time to share the motion.* If the window-pane were 
suspended by a silken thread, the shot would only carry away 
so much of the glass as would allow it space to pass through, 
without even breaking the thread, or causing it to oscillate. 
A sheet of paper placed on edge may be perforated by a 
pistol-ball without being knocked down ; and a door half- 
open may be pierced by a cannon-ball without being shut. 
M. Pouillet mentions a case where a cannon-ball carried off 
the- extremity of a musket while it was in the soldier's hands 
without his feeling the stroke, just as the head of a thistle 
may be struck off by the rapid motion of a stick, without 
perceptibly bending the stalk. Nay, if the missile be soft, 
as tallow, it will act with the force of lead, if sufficient velo- 
city be imparted to it. Thus, in the well-known trick of 

* The piercing effects of such bodies are not proportional to their 
moving effects or momenta. For suppose two unequal balls (as a 6 and 
a 12 -pounder) to have velocities inversely as their masses ; their momenta 
will be equal (97), so that both will have the same power to move or over- 
turn an obstacle, but they will not penetrate a soft body to the same 
depth, that is, overcome a uniform resistance through the same space, for 
bath will overcome the same resistance for the same length of «me, and 
during this time the swifter ball will have penetrated twice as far as the 
other. To have equal piercing effects, therefore, their masses must be 
inversely as the squares of their velocities, so that their momenta multi- 
plied into their velocities may be equal. This mode of estimating the 
effect by the product of the momentum and velocity, or the product of 
the mass multiplied twice by the velocity, is called the principle of vti 
viva. (See page 93, note.) 
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firing a piece of tallow candle through a board, the parts of 
the tallow cannot yield until- after a certain time ; during 
that time the tallow behaves like a hard solid, and before its 
particles have had time to yield, the tallow has already passed 
through the board. So, also, in firing a cannou-ball over the 
surface of a smooth sea, time is not allowed for the water to 
yield much, and consequently it behaves like a solid, and re- 
flects the ball. In this way, it is said, that musket-balls have 
even been flattened. 

105. In our Introduction to the Study of Natural Phi- 
losophy, some illustrations were given of what are called the 
laws of motion. It was there explained that every action ia 
accompanied by a corresponding re-action, equal and contrary. 
In the discharge of a cannon, the elasticity of the gases 
suddenly liberated by the ignited gunpowder, acts equally in 
all directions: it acts on the sides with equal and opposite 
forces, which neutralize each other unless the cannon burst 
by yielding to one of them ; the elasticity of the gases also 
acts towards the muzzle and the breach, and these two equal 
and opposite forces would also neutralize each other if. the 
mouth of the cannon were effectually secured ; but such not 
being the case, the ball and the wadding yield : the expansive 
forces of the gas towards the muzzle and the breach being 
equal, produce an equal effect, the one upon the ball, and the 
other upon the cannon; the one moves forwards, and the 
other backwards. This latter motion is called the recoil of 
the gun ; and the reason why the recoil produces so much 
less velocity than the shot receives from the opposite force, 
is the greater mass of the cannon and its appendages, as 
compared with the ball. When a sportsman fires a gun, the 
recoil on his shoulder is equal to that which would be pro- 
duced by a shot entering the barrel and striking against its 
solid extremity, with the velocity with which the bullet leaves 
the same gun. Another proof of the comparative slowness 
with which motion is propagated through any considerable 
mass, is, that the recoil does not begin to be felt^until the. 
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bullet Las actually left the mouth of the cannon. The expe- 
riment in proof of this was performed, for the first time, at 
Rochelle, in 1667, by order of the Cardinal de Richelieu. 
A cannon was suspended horizontally, from the end of a very 
long vertical shaft, or lever, moveable freely about an axis at 
its other extremity. The ball fired from it under these cir- 
cumstances struck the object towards which it was directed 
in precisely the same manner as it did when the cannon was 
fixed ; showing that there could have been no sensible alter- 
ation of its position until the ball was discharged from it, 
otherwise it could not have hit the same point, but a point 
somewhat lower, depending upon the amount of recoil. 

106. The resistance which a moving body meets with in 
the air, or in the water, is only an effect of the transference 
of motion. A body moving in water must constantly displace 
a portion of the fluid equal to its own bulk, and the amount 
of motion thus communicated to the water is so much lost 
by the moving body. It is generally admitted in such cases, 
for air as well as water, that the resistance is in proportion 
to the square of the velocity of the moving body. When 
the velocity is doubled, the loss of motion by resistance is 
quadrupled, because not only is there twice as much fluid to 
be moved in an equal time, but it has to be moved with twice 
the velocity. So, also, when the velocity is trebled, the 
moviug body meets three times the number of particles, to 
which it communicates three times the velocity, thereby 
occasioning nine times the loss. The resistance to a body 
moving in water is, therefore, about 800 times greater than if 
it were moving with the same velocity in air, for it has to 
move 800 times as much matter in the same time. But if 
the motion in air were 28 times faster than in water, the 
resistance would be about the same, for 28 times the velocity 
generates 28 times 28 times (= 784 times) the resistance. 
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II. EFFECT8 OF CONTINUED FORCES UNIFORMLY ACCELE- 
RATED MOTION DESCENT ON INCLINED PLANES AND CURVES 

THE PENDULUM. 

107. One cannot fail to be struck with the different 
degrees of rapidity with which bodies fall through the air. 
A piece of gold falls rapidly, and a dry leaf very slowly ; and 
the popular reason for this difference is, that the gold is heavy 
and the leaf light ; this, however, is not the true reason, for 
if the gold be beaten out into a thin lea£ neither its absolute 
nor its specific weight is diminished (indeed, the latter is 
increased), but the time of its descent through the air is 
greatly prolonged. The fact is, that every body falling 
through a fluid is continually subject to two opposite forces, 
1 st, its weighty which is constantly uniform, and acting alone 
would constantly accelerate the fall, and 2nd, the fluid resist- 
ance, which, as we have seen, increases with the velocity, so 
that, however small at first, it must after a certain time (or 
when a certain velocity is acquired) become equal to the 
weight of the body, so as to prevent any further acceleration 
(page 90). Now, the gold presenting a larger surface when 
beaten out than iu the lump, far more resistance is opposed 
to the leaf than to a thick piece of equal weight, moving with 
equal velocity. Supposing both to begin to fall at the 
same instant, when the leaf has attained its maximum and 
uniform speed, the lump will still continue to be accelerated, 
for the lump requires a greater speed to generate the same 
resistance. 

108. As the attraction of the earth acts on all bodies in 
proportion to their quantities of matter,* it is of no conse- 
quence, as far as this attraction is concerned, whether a body 
be in a mass or broken up into small pieces, for each piece 
will be as strongly attracted as when it was united in one 
solid mass with the other pieces. The attraction must also be 
the same on one of these pieces, whether it be in a lump or 

* For proof of this see " Natural Philosophy," [40], 
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beaten out into a thin sheet, since the number of particles 
remains the same. The difference observable in the time of 
the fall of these bodies through the air is due to the resist- 
ance of that medium ; whence we may fairly conclude that, if 
the air were altogether absent, and no other resisting medium 
occupied its place, all bodies, of whatever size and of whatever 
weight, must descend with the same speed. Under such cir- 
cumstances, a balloon and the smoke of a fire would descend 
instead of ascending as they now do by the pressure of air, 
which, bulk for bulk, is heavier than themselves. 

The conclusion that in the absence of a resisting medium all 
bodies would fall with the same speed, is established by a 
beautiful experiment with the air-pump, in which a piece of 
metal and a feather are let fall at the same instant from the 
top of a tall exhausted receiver, when it is found that these 
two bodies, so dissimilar in weight, 6trike the table of the air- 
pump on which the receiver rests at the same instant* 

In vacuo neither the size, weight, density, nor figure of a 
body, makes any difference in the velocity of its fall ; and all 
the differences observed in air, are easily explained by its 
resistance. For instance, a 2-inch shot falls faster than a 
1-inch shot, though of the same figure and density. In the 
larger we have 8 times as much matter to be moved, and 
also 8 times as much force to move it, and this would give 
it, in vacuo, the very same velocity (or 8 times the momentum 
of) the small shot. But it has only 4 times the surface, and 
is therefore (in a fluid) opposed by only 4 times the resist- 
ance. Again, a ball of lead and a ball of cork of the same 
weight fall with equal momenta, but the cork being larger, 

* A similar experiment may be made without the air-pomp, by 
placing a piece of hot-pressed paper (or even the thinnest tissue-paper), 
smoothly on a flat piece of polished metal or glass, rather larger than 
itself, and letting them fall together. Though the light body is upper- 
most, it will not be left behind, nor will it in the slightest degree retard 
the fall of the heavier body, as it would if connected with it like a 
parachute. 
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encounters more resistance. Now, let them be of equal size, 
their weights of course are unequal, but they both encounter 
the same resistance, so that the cork, as before, is the most 
retarded.* 

109. Having proved that in reality all bodies tend to fall 
with the same velocity, the next point is to determine what 
this common velocity is, and the relation existing between 
the space fallen through by a body and the time occupied in 
the fall, > This relation will be the law of motion impressed 
by gravity upon matter. 

It would appear at first view that such a question might 
be determined experimentally by a contrivance similar to that 
used in the guinea-and-feather experiment (108), only using 
a very long vertical tube instead of the receiver, and having 
exhausted it, allowing a heavy body to fall from the top at a 
given instant, and then marking the point at which it arrives 
after the lapse of one second, two seconds, three seconds, and 

* This equality of speed in the foil of all bodies, when unresisted, 
proves that their quantities of matter or inertia are exactly proportional 
to their weights ; it proves, for instance, that if a cubic inch of stone 
weigh three times as much as a cubic inch of water, it contains three times 
as much matter ; for it falls with the same speed, though urged by a triple 
force, t. e., it requires a triple pressure to impart to it an equal velocity 
in an equal length of time ; and quantities of matter can be estimated in 
no other way than by comparing the forces required to produce equal dyna- 
mical effects on them. These forces may be either instantaneous or con- 
tinued; and thus we have two ways of ascertaining the comparative 
masses of bodies, 1st, by comparing the impacts required to impart equal 
velocity to them, or, 2nd, by comparing the pressures required to impart 
equal velocities in equal lengths of time. This latter condition is neces- 
sary, because, as we have seen (95) that every continued force or pressure 
must produce a continually increasing velocity, and as any impact 
however small, may move any mass, however great (103), so also any 
pressure, however small, may impart to any mass any amount of velocity 
by acting long enough. A pressure of a single pound might move the 
largest planet with any number of times its present velocity, and it would 
be easy to calculate how long it must continue acting to produce this 
effect. 

F 3 
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so on. But the difficulty in such a mode of observation is, 
that although a body at the commencement of its fall may 
move with tolerable slowness, so that the eye can follow 
it, yet the motion increases so rapidly, that it soon becomes 
quite impossible to do so. Accordingly, philosophers have 
resorted to various contrivances for so modifying the motion 
of the falling body as to make it appreciable by the senses 
throughout its whole course. 

,110. The first philosopher who succeeded in detecting the 
law of falling bodies was Galileo. "When the study of astro- 
nomy was no longer for him a safe pursuit, his acute and 
powerful mind recurred to his earlier mechanical studies, and 
during his residence at Sienna, after being persecuted by the 
Inquisition, he published, or at least collected, materials for 
his "Dialogues on Motion." In this work the following 
method is given of making experiments on the descent of 
bodies on inclined planes.* " In a rule, or rather plank of 
wood, about 1 2 yards long, half a yard broad one way and 
3 inches the other, we made upon the narrow side or edge a 
groove a little more than an inch wide: we cut it very 
straight, and to make it very smooth and sleek, we glued 
upon it a piece of vellum, polished and smoothed as exactly 
as possible, and in that we let fall a very hard, round, and 
smooth brass ball, raising one of the ends of the plank a yard 
or two at pleasure above the horizontal plane. "We observed, 
in the manner that I shall tell you presently, the time which 
it spent in running down, and repeated the same observation 
again and again, to assure ourselves of the time, in which we 

* The invention of this method appears, from documents quoted by 
Venturi and others, to bear date at least as early as 1604. Descartes 
insinuates that Galileo first obtained from him the knowledge of the 
law established in these experiments ; but as Descartes was not born until 
1596, he must, if his claim be tenable, have been a most astonishing genius 
at eight years of age. He also insinuates that Galileo obtained from him 
the isochronism of the pendulum, which, in fact, was discovered in 1583, 
thirteen years before Descartes was born. 
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never found any difference, no, not so much as the tenth part 
of one beat of the pulse. Having made and settled this 
experiment, we let the same ball descend through a fourth 
part only of the length of the groove, and found the measured 
time to be exactly half the former. Continuing our experi- 
ments with other portions of the length, comparing the fall 
through the whole with the fall through half, two-thirds, 
three-fourths, in short, with the fall through any part, we 
found, by many hundred experiments, that the spaces passed 
over were as the squares of the times, and that this was the 
case in all inclinations of the plank ; during which we also 
remarked that the times of descent, on different inclinations, 
observe accurately the proportion assigned to them farther 
on, and demonstrated by our author. As to the estimation 
of the time, we hung up a great bucket full of water, which, 
by a very small hole pierced in the bottom, squirted out a 
fine thread of water, which we caught in a small glass, 
during the whole time of the different descents : then weigh- 
ing from time to time in an exact pair of scales, the quantity 
of water caught in this way, the differences and proportions 
of their weights gave the differences and proportions of the 
times ; and this with such exactness, that, as I said before, 
although the experiments were repeated again and again, they 
never differed in any degree worth noticing." 

111. It will be observed, that as the law first mentioned 
(that the spaces Men through from the commencement of 
the fall are proportional to the squares of the times elapsed) 
applied equally whatever might be the inclination of the plane, 
it must apply also when the plane is vertical, or when the 
body falls freely. The establishment of so important a law 
by such simple and exquisitely ingenious means may serve to 
remind the reader that Galileo is not unworthy of the fame 
which still belongs to his name as a mechanical philosopher, 
as well as a persecuted astronomer. In later times, the law of 
falling bodies has received a more complete exposition by the 
admirable machine invented by Atwood, and which will be 
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described presently. But first it is necessary to enter a little 
more fully into the question, in order that the reader may be 
in a condition fairly to estimate the merits of this machine, 
and the important law it is intended to illustrate. 

112. The fall of a heavy body from a height is a uniformly 
accelerated motion, because the attraction of the earth, which 
is the cause of its fall, never ceasing to act, the body gains at 
each instant of its fall a new impulse, whereby it receives 
additional velocity, so that its final velocity is the aggregate 
of all the infinitely small but equal increments of velocity 
thus communicated. Hence, the velocity of a falling body 
at the end of two seconds is twice that which it had at the 
end of one ; at the end of three seconds three times that 
which it had at the end of one, and so on. Now, it has been 
ascertained that a body falling freely through space by the 
force of gravity acquires at the end of the first second a 
velocity such as would carry it, without any assistance from 
gravity, through about 32 feet during the second second. 
This is the final velocity of the body after one second. 
But during this second, the body passes gradually from a 
state of rest through various increasing degrees of speed, 
until it acquires a velocity equal to 32 feet per second. Its 
average speed, therefore, during the whole of the first second 
will be the arithmetical mean between its starting velocity, 
which is 0, and its final velocity, which is 32 feet per second. 
This mean is 16 feet per second; consequently, the space 
actually fallen through during this one second must be 16 feet. 
During the second second, the body starting with the velocity 
of 32 feet acquired during the first second, falls through 32 
feet, and also through another 16 feet, due to the action of 
its weight during this one second only. At the end of the 
second second the final velocity is twice that at the end of 
the first second ; so that during the third second the body 
would move through 64 feet, if subject to no force, i. e., if 
its weight had ceased to act ; but as this force continues to 
act, and would during a second move it through 1 6 feet (if it 
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bad no velocity at starting), the whole space described during 
this second will be 80 feet, viz., 64 feet by its previously 
acquired velocity, and 16 by that gradually added during this 
third second. 

113. We see, then, that the weight of any body is such a 
force as will, during one second, impart to that body a velocity 
of 32 feet per second, in addition to any motion which it may 
previously have. During any other period it would impart a 
proportionally greater or less velocity ; during two seconds, 
for instance, a velocity of 64 feet per second; or, during 
half a second, a velocity of 16 feet per second. Hence, it 
appears that the time occupied in falling, and the final 
velocity, are proportional to each other ; and that an in- 
crease in one is necessarily attended by a proportional increase 
in the other. Now, we have seen that the average velocity, 
during any fall, is exactly half the final velocity, for it is 
the mean between the velocity at starting, viz. 0, and that 
final velocity; hence, any increase in the time of falling, 
is attended by a proportional increase in the average speed 
during the whole fall. But the space fallen through is 
jointly proportional to the time occupied and the average 
velocity ; consequently, when the time is increased in any 
proportion (say doubled), the body falls, not only twice as 
long, but also twice as fast, and must therefore fall through 
four times the distance. So, also, if one body falls three times 
as long as another, it also falls with three times the average 
speed, and consequently falls, altogether, nine times the dis- 
tance. Thus, the distance fallen must always be proportional 
to the square of the time occupied ; as observed in the expe- 
riments of Galileo. It will thus be seen,- that though a body 
fall 16 feet in a second, it will only fall 4 feet in half a 
second ; for it falls with only half as much average speed, viz. 
a speed of 8 feet per second, or 4 feet per half-second. But 
it acquires a final velocity of 16 feet per second, which would 
carry it, in another half-second, through 8 feet, besides the 
4 feet due to its acceleration during that half-second, making 
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altogether 12 feet, and thus accounting for the fall of IGjeet 
in a second. 

We thus get an easy rule for determining the space through 
which a body has fallen, simply by knowing the time occu- 
pied by the fall, and multiplying the square of this by the 
number of feet through which a body falls in one second. 
For example : — 

The height fallen during one second = 1 x 16* 16 feet. 

two seconds = 4 x 16 = 64 feet. 
„ n three seconds « 9 x 16 = 144 feet. 

„ „ four seconds «= 16 x 16 = 256 feet. 

„ „ . five seconds = 25 x 16 «= 400 feet. 
• 

And the same rule will apply to any number of seconds, 
whole or fractional. 

114. To show more clearly how this law is derived from 
the uniformity of the accelerating force, we may take the 
length of any figure to represent the time of the whole fall, 
which we may divide into any convenient number of parts ; 
and we may make the breadth of the figure, at each of those 
divisions, represent the velocity at the corresponding instant 
of the fall. Then the area of the figure, or of any portion 
thereof, will represent the distance fallen through during the 
corresponding part of the time ; for this distance is jointly 
proportional to the time and the average velocity, just as the 
area of a figure is jointly proportional to its length and its 
average breadth. Let us draw such a figure, in which the 
breadth at the commencement is 0,. and the increase is uni- 
form, i. e. by equal additions, for equal additions to the length. 
By observing the relations between the breadths of this figure, 
at different points, and also between the areas of the whole 
and of different portions thereof, and the areas they would have 
if their breadth continued equal throughout their length, we 
may learn all that has been stated above, by simply substi- 
tuting time for lengthy velocity for breadth, and distance fallen 
for area. The following is an example : — 
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A body falling freely during 5j seconds; 



Starting with a Telocity of - - - - 

Falls during the 1st second - - 
Acquiring a velocity of- - - - - - 

Falls during the 2nd second - - 

Acquiring a velocity of twice 32, or 

Fulls during the 3rd second - - 
Acquiring a velocity of 3 x 32 = 

Falls during the 4th second - - 
Acquiring a velocity of 4 x 32 = 

Fulls during the bth second - - 
Acquiring a velocity of 5 x 32 = 

Falls during the half-second- - 




Acquiring a final velocity of 54 times 32 = 176 feet per second. 

And falling a total distance of 5£ times 6£ times 16 feet = ... - 484 

115. These laws are not confined to the motion of falling, 
but apply equally to every uniformly accelerated motion, 
i. e. every motion produced by a uniform force or pressure. 
Thus, the rising of a cork through water — the rolling of a 
ball down an inclined plane — the ascent of the lighter arm of 
a balance — are motions produced, like that of falling, by the 
constant and uniform force of gravity, and are therefore 
uniformly accelerated ; t. e. if we abstract the effects of fluid 
resistance and friction, the above rules, but not the above 
numbers, will be found applicable. In every such motion, 
the velocities, at any different instants, are proportional to the 
times elapsed since the beginning of the motion ; the average 
velocity is half the final velocity; the spaces described 
during successive equal intervals are as the series of odd 
numbers, 1, 3, 5, 7, &c. ; aud the whole spaces described from 
the beginning of the motion are as the squares of the times 
taken to describe them. But the numerical data will be 
different in each case of such motion; that is to say, the 
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velocity acquired in a given time, or the time occupied in 
acquiring a given velocity, will vary in each case : and the 
rate of acceleration will never be so rapid as in the case of 
a body falling freely, because the force will never be so great 
in proportion to the quantity of matter moved. All bodies 
falling freely are accelerated at the same rate, because, in 
whatever ratio their masses may differ, their accelerating 
forces preserve exactly the same ratio. If one body gravi- 
tate with 10 times as much force as another, it has also 10 
times as much matter to be moved ; but if we could oppose 
the weight of one lb. to the inertia of ten lbs., we should 
obtain a motion accelerated 10 times more slowly than that 
of bodies falling freely; i. e. a motion that would require 
10 seconds to acquire a velocity of 32 feet per second, or 
in one second would produce only a velocity of 3£ feet 
per second. Now this is exactly what happens when a 
balance, whose beam and scales weigh 1 lb., is loaded with 
5 lbs. in one scale, and 4 lbs. in the other: there is an 
, unbalanced pressure of only 1 lb., but it has to move 10 lbs. 
of matter. 

116. To submit all the laws, which have thus been ex- 
pounded, to the test of direct experiment, is the object of 
At wood's machine. It is obvious that the circumstances 
attending a heavy body falling freely through the air cannot be 
observed by any direct method, since a fall during 3 seconds 
only would require a height of 3 2 x 16 = 144 feet, a distance 
which could not be followed accurately by the eye in so short 
a time. This difficulty is got over in Atwood's machine by 
an ingenious artifice. Two weights are attached to the 
extremities of a fine silken line, which passes over a fixed 
pulley, or very light wheel, so arranged as to produce very 
little friction ; and the magnitude of these weights is so 
adjusted that their difference is to their sum in the ratio of 
unity to any convenient number. For example, suppose 
one of the weights to be 3l£ pennyweights, and the other 
32£ pennyweights; their difference will be 1, and their 
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sum 64 ; consequently, the accelerating force will be 6 ^ 
that of a body falling freely. Now, as a body 
falls 16 feet during the first second, the descent 
of the preponderating weight will be 16 feet, or 
192 inches divided by 64 =3 inches in 1 second ; 
12 inches in 2 seconds; 27 inches in 3 seconds, 
and so on. Hence, by means of a long gradu- 
ated rod and a pendulum beating seconds, it is 
easy to follow the weight with the eye, and to 
notice the descending weight pass over the divi- 
sions of the scale ; thus furnishing an experi- 
mental proof of the laws already explained. By 
varying the ratio of the two weights, any other 
degree of acceleration may be obtained ; these 
variations are, of course, only different illustra- 
tions of the same laws. 

117. By means of this apparatus we may also 
ascertain the degree of velocity acquired at the end of any 
given time. To do this, the two weights are first taken equal, 
as, for example, 31 J pennyweights each, whep of course equi- 
librium is produced. In order to produce motion, a small bar 
about 2 inches long, and weighing 1 pennyweight, is placed 
upon the weight which is to descend. A brass ring, about J 
inch in diameter, being previously fixed at any proposed 
division (as, for example, at 12 inches) in the path of the 
descending weight; then, as this weight passes through the 
ring, the bar is left behind, and the accelerating force being 
thus removed, the velocity will afterwards be uniform (abstract- 
ing the effect of friction). In this case we suppose that the 
body, at the end of two seconds, has descended through. 12 
Inches, and that its final velocity, at the end of that time, is 
therefore 1 2 inches per second (being twice its previous average 
velocity). The uniform motion of the weight would then be at 
the rate of 1 2 inches per second, during the third and succeed- 
ing seconds, did not the friction of the wheel act as a retarding 
force, causing it to move slower and slower, until it comes to 
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rest. It is usual, however, in practice to erect a stage at 
some convenient distance from the ring, such as 36 inches, 



the friction is diminished so considerably as to have no appre- 
ciable effect in using the machine. 

118. Galileo's experiments on the descent of bodies on 
inclined planes have already been mentioned. It will be 
evident from the preceding details, that the rate of accelera- 
tion on the inoiined plane will be less than that of a body 
falling freely, in the proportion that the effective portion of 
its weight, acting in the direction of its motion, is less than 
its whole weight ; that is, as we have seen in Statics (78), 
the proportion that the perpendicular height of the plaue 
bears to its length. Thus, on a plane inclined 1 in 64, the 
motion will be the same as that of the weights in the above 
example ; for the whole mass has to be moved by a force 
equal to only fa of its weight. 

119. Hence it appears that (neglecting the effect of fric- 
tion) the final velocity, on arriving at the bottom of the plane, 
is dependent solely on its height, and will be the same for all 
planes of equal height, however various may be their lengths : 
a very remarkable result. From this it also follows, that the 
average velocities are the same in descending all planes of 
equal height ; and hence, that the times of descending them 
are exactly proportional to their lengths. 




Digitized by Google 



AND CURVED SLOPES. 



115 



In Fig. 61 are represented four inclined planes of various 
lengths, but of equal height. The final velocities of bodies 
rolling down all these planes will be exactly equal to that of a 

Fig. 61. 




body falling freely down the same height ; and the velocity, 
after descending £ or J, or any other portion of one of the 
planes, will he the same as that acquired in descending a 
similar portion of the vertical fall. Thus, if the time of 
descending any of these routes be divided into four equal 
parts — at the end of the first Fig. 62. 

part, a body will have fallen 
•fg of the vertical height, or T A ff 
of the length of either plane, 
viz. as far as the dotted line 1 ; 
at the end of half the time, it 
will (on any plane) have ar- 
rived at the dotted line 2, 2, 2 ; 
and after f of the time, at the 
dotted line 3, 3, 3 ; and the 
velocities at crossing these 
dotted lines will be the same, 
whether the body fall verti- 
cally or down either of the 
planes, without friction. 

120. Another most remark- 
able result of these properties 
of inclined planes is the beau- 
tiful experiment in which two 
or more bodies are placed at 
different points of a circle, and allowed to descend at the 




Digitized by 



116 



STRAIGHT PATH NOT THE QUICKEST. 



same instant along as many planes meeting in the lowest 
point of the circle : they will arrive there at the same time, 
proving that the times of falling through all chords drawn to 
the lowest point of a circle are equal. Thus, bodies starting 
from a, B, c, Fig. 62, descend in equal times along the chords 
ad, b D, and c d. If the bodies start at the same instant, 
then at every instant of the fall they will be situated on the 
periphery of a smaller circle. Thus, after £ of the fall, they 
will all be crossing the semicircle a ; after J, the semicircle 
b ; and after, f , the semicircle c. 

1-21. In the descent of bodies upon a curve, the resistance 
of the curve neutralizes different portions of the body's gravi- 
tating force at different points. Nevertheless, the velocity 
acquired is subject to the same law as in the inclined plane, 
viz. it is due only to the perpendicular height fallen. Thus, 
at whatever point of the curve the body may be arrived, its 
velocity is always the same as if it were falling freely from 
the level of the point whence it started. For example, in de- 
scending the curve drawn in Fig. 61, a body on arriving at 
the dotted line 1, will have the same velocity as if it had 
fallen vertically, or along any road, straight or curved, down 
to the same level. On crossing the level 2 2, it will have 
twice, and on crossing 3 3, thrice this velocity. In ascend- 
ing, its velocity will diminish, and it will cross these lines 
again with exactly the same respective velocities as before. 
Hence it will be seen, that if there were no friction, it would 
be carried over any eminence, or any number of eminences, 
lower than that from which it started, and would always 
have the same velocity at crossing the same level. 

122. Hence it follows that the straight line between two 
points at different levels, but not in the same vertical line, is 
not the line of shortest descent from the upper point to the 
lower. To explain this remarkable fact, let us suppose two 
bodies to descend from a to b, Fig. 63, one rolling along the 
inclined plane a b, and the other along the circular arc a c b 
(or the secoud body may be suspended like a pendulum, 
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which will have the same effect). If we divide each of these 
lines into any number of equal parts, it is obvious that 
each point of division on the 
curve will be lower than the Fi &* 63 * 

corresponding point ou the 
straight line ; so that, at 
every instant of the descent, 
the body on the curve will 
be lower (and therefore be 
moving faster) than that on 
the straight line. Thus its 
average speed is greater, but 
its journey is also longer, and it becomes, therefore, a ques- 
tion, whether its speed, or its length of route, is increased in 
the greater ratio. In the present case, the speed more than 
compensates for the increase of length ; so that a body will 
take less time to roll down the curve a c b than down the 
shorter line a b, or down any flatter curve situated between 
the two. It will be observed, that A c B is the longest cir- 
cular curve that can be drawn from a to b without an ascent 
towards b; but we may yet give a greater curvature, and 
consequently a greater length to the descent, without lengthen- 
ing, but, on the contrary, still diminishing the time of descent; 
and a p q b represents the extent to which the curvature may 
be increased before the increase of length will begin to com- 
pensate for the increase of speed, — in other words, it repre- 
sents the br achy stochr one* or curve of quickest descent. 

Fig. 64. 




Mathematicians have determined that this curve is the cycloid, 
or that which is described by a point in the circumference of 
a carriage-wheel rolling along a plane. Such a point as p, 

* From fipaxi<JTOQ y shortest . and \povoQ, time. 
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Fig. 64, describes a series of arch-like curves, each of which 
is called a cycloid. Now if a slope be made in the form of 
the half of one of these curves inverted, as a p q b, Fig. 63, 
this will be the line of quickest descent from a to b. But a 
portion of the curve, such as p q (though described in less 
time than the straight line P q), is not the line of shortest 
descent from p to q. To find this, we must draw a smaller 
cycloid, of such dimensions, that when its upper extremity is 
placed at p, it shall pass through q. 

123. But the cycloid possesses a still more remarkable pro- 
perty, called isochronirm,* and which consists in this, that 
from whatever part of the curve a body may commence its 
descent, it will always occupy the same length of time in 
reaching the bottom. The former property belonged only 
to arcs extending to the upper end of the curve, as a p, a q, 
Fig. 63 ; and the present belongs only to such as extend to 
the lower end. Bodies starting from a, p, and q, at the same 
instant, will all arrive at b together ; and however near to- 
B a body may start, it will be as long reaching b as if it had 
descended the whole curve from a ; or if a body suspended 

from a thread, as 
A b, Fig. 65, be made 
to oscillate between 
cheeks in the form 
of half-cycloids, a c, 
a c, in such a way that 
the thread will just 
wind over either of 
the half-cycloids from 
a to c or c, the body 
b, in swinging be- 
tween these two cheeks, will describe a cycloid c b c ; t so 

* From I(Toc, equal, and xpovoc, time. 

f Because it is a mathematical property of the cycloid, that its evoluie, 
or the curve described by a thread unwound from it, is another cycloid 
equal and similar to itself. 
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that from whatever point in this curve the body b is made 
to fall, it will arrive at b and pass to its greatest height in 
the opposite curve in equal times; and however much its 
oscillations may diminish in extent (by the effects of fric- 
tion, &c), they will always be isochronous, or equal-timed. 
This, in fact furnishes an isochronous or equal-timed pen- 
dulum, an instrument which would be invaluable in practice 
were it not that no substance can be found of sufficient 
strength and flexibility to form a thread which shall easily 
wind on the cycloidal cheeks, and of such a nature as that 
it shall not adhere to them. On this account the cycloidal 
pendulum, although perfect in theory, is inferior in practice 
to the simple pendulum, whose valuable and remarkable 
properties we are now about to describe.* It will be seen 
that when the common pendulum vibrates in very small 
arcs of a circle, its vibrations are, for all practical purposes, 
isochronous, because the circle has the same curvature as the 
cycloid at its lowest point, and may be confounded with it 
for a small distance, as seen near b, Fig. 65. 

124. The pendulum is one of the simplest of scientific 
instruments, and also one of the most important, for by its 
means we are enabled, not only to measure time with pre- 
cision, but to determine the variation of the force of gravity 
in different places, whereby data are furnished for deter- 
mining the figure of the earth, and even the density and 
arrangement of materials in its interior. 

Any weight attached to the end of a flexible thread, 
and suspended by a fixed point p, Fig. 66, may be said to 
constitute a pendulum. Its fundamental properties are first, 
to show, when at rest, the exact vertical, or the direction 

■ 

* But the cycloidal cheeks are necessary for properly performing 
the experiments on impact described in (99). They need not, how- 
ever, be extensive, for a very small portion of them, as a d, a d % 
Fig. 65, will guide the body through a large range of oscillation, viz 
from e to e. 
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in which gravity acts;* secondly, to oscillate in a vertical 
plane when drawn on one side, and then left to itself. If, 
Fig. 66. for example, the pendulum p c be drawn 

aside to a and liberated, it will descend 
to c, and then ascend on the other side 
as far as B, describing an arc b c, nearly 
equal to the arc a c.t From the point 
B it will again descend to c, and then 
ascend towards a, and so on, for a 
considerable time. When the weight 
is descending from a to c, the motion 
is accelerated, and in ascending from c to B it is retarded. 

125. The motion of the pendulum from a to B, or from 
b to a, is called an oscillation, or a vibration. Its motion 
from a to c, or from b to c, is, of course, a half vibration or 
oscillation. 

The amplitude of each vibration is measured by the arc 
a B, divided into degrees, minutes, and seconds. 

The duration of a vibration is the time occupied by the 
pendulum in describing this arc. 

126. If the amplitude of the vibrations of the pendulum 
does not exceed a certain magnitude, the time of vibration will 
not sensibly vary, however the amplitude may vary. Thus 

* When used for this purpose, it is usually called a plumb-line. 

f It would be quite equal to a c were it not for the friction at p, and 
the resistance of the air; and without these retarding forces the pen- 
dulum once moved would never cease to oscillate, the action of gravity 
being incessant. The proof of this is quite conclusive ; for though we 
cannot remove these retarding forces, we can vary them in a given 
ratio, t . e. we can measure and compare them by other means independ- 
ently of the pendulum. Now, if we diminish them to one-half their 
former amount, the pendulum will continue oscillating twice as long «s 
before; if we diminish them to one- third, it will oscillate thrice as 
long, &c. ; which is quite sufficient to prove that if the retarding forces 
were 0, the duration of the motion would be £ t. e. infinite. In a space 
well exhausted by an air-pump, a pendulum has been known to oscillate 
for more than twenty hours. 
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the time of oscillation will be practically the same, whether 
the angle A p c be 4° or 5°, 2° or 3°, or of so small a magni- 
tude that the eye cannot distinguish it without the aid of a 
microscope. It is certainly remarkable that the pendulum 
should require as much time to describe an arc of -^th of a 
degree, as to describe one of 10 degrees. The reason, how- 
ever, will be evident when we consider that the effect of 
gravity in producing motion depends upon the obliquity of 
the line p a. In the position p c the force of gravity tends 
to keep the pendulum at rest; the impelling effect of the 
force of gravity is measured by the distance of the pendulum 
from this position ; the greater this distance, the greater the 
average velocity of descent ; and any increase of distance 
within a few degrees (or in the cycloid any increase what- 
ever) is exactly compensated by the increased speed of de- 
scribing it. 

127. This remarkable law of isochronism is said to be the 
earliest mechanical discovery made by Galileo, while pur- 
suing his studies at Pisa, about the year 1581. Being one 
day in the cathedral of that town, his attention was arrested 
by the vibrations of a lamp swinging from the roof, which, 
whether great or small, appeared to the thoughtful young 
philosopher to recur at equal intervals. The instruments 
then in use for measuring time being very imperfect, Galileo 
attempted, before quitting the church, to test this observa- 
tion by comparing the vibrations of the lamp with the beat- 
ings of his own pulse. Being satisfied, by repeated trials, 
that the oscillations of the lamp were isochronous, he con- 
structed a pendulum with no other object, at first, than that 
of ascertaining the rate of the pulse and its variations from 
day to day. In the year 1583, however, we find him recom* 
mending the pendulum as a measurer of time. In his first 
applications of it to astronomical observations, he employed 
persons to count and register the oscillations, but he soon 
invented means for effecting this by machinery, and fifty 
years later, he describes his " time-measurer," or pendulum 
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clock, " the precision of which is so great, and such, that it 
will give the exact quantity of hours, minutes, seconds, and 
even thirds, if their recurrence could be counted ; and its 
constancy is such, that two, four, or six such instruments 
will go on together so equably, that one will not differ from 
another so much as the beat of a pulse, not only in an hour, 
but even in a day or a month." 

128. Seeing, then, that the vibrations of the pendulum 
depend upon the force of gravity, which acts upon all bodies 
with equal effect (108), we may naturally suppose that those 
vibrations are not influenced by the quantity or quality 
of the weight suspended. Balls of metal, of ivory, of wood, 
&c, suspended by strings of the same length, vibrate in the 
same time ; and the same remark would be true with respect 
to cork and other light substances, were it not that they bear 
so small a proportion to the resistance of the atmosphere com- 
pared with balls of metal. The remark, however, is true of 
all substances suspended in vacuo. 

129. Seeing, then, that the time of oscillation of a pen- 
dulum vibrating in small arcs, depends neither upon the 
magnitude of the arc, nor upon the quantity or quality of the 
substance suspended, let us now inquire what effect will be 
produced by varying the length of the suspending thread. It 
can be proved that if the circumference of a circle be regarded 
as 3.141 G times its diameter, the time of oscillation of a 
cycloidal pendulum (or of a common pendulum vibrating in 
very small arcs) will be 3.1416 x the time of falling verti- 
cally half the length of the pendulum. Now as the time of 
oscillation bears a constant ratio to that of falling through the 
height of the pendulum, and as the 'times of falling different 
heights are proportioned to the square roots of those heights,* 
it follows that the times of oscillation of different pendulums 
are as the square roots of the lengths of the pendulums. 
For example, if we take three pendulums whose lengths are 

* For the heights fallen are as the squares of the times (1 14). 
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as the numbers I, 4, 9, then the times of Fig. 67. 
vibration will be respectively as 1, 2, 3. 
Three such pendulums are represented in 
Fig. 67, consisting of three weights suspended 
in the same vertical line by means of threads, 
each attached to two points of suspension. 
It will easily be seen on repeating this experi- 
ment, that the pendulum whose length is 1, 
makes 2 vibrations to every 1 of that whose 
length is 4, and 3 vibrations to every 1 of that 
whose length is 9. 

In determining the above important laws, 
we have taken what is sometimes called a 
simple or geometrical pendulum, or one in 
which the weight of the thread is altogether 
omitted, and the heavy body suspended, sup- 
posed to have its whole weight collected into 
one physical point; or, in other words, the 
suspended body is supposed to have weight without mag- 
nitude. 

130. We now take the case of what is sometimes called a 
compound pendulum, in which the effect of weight in the 
thread and magnitude in the suspended body, are considered. 
The several parts of such a body will of course be at different 
distances from the axis of suspension. Now, if each material 
point of such a body were to be connected with the axis of 
suspension by a separate thread, and if, while this system 
were vibrating as a single pendulum, the heavy body were 
to fall asunder, and each particle were to vibrate by its own 
separate thread, it is evident that those nearest the point of 
suspension would vibrate more rapidly than the remoter par- 
ticles. In a heavy body, such as is used for the boh of a 
pendulum, all the particles being bound together by the force 
of cohesion, must vibrate in the same time. Those nearest 
the point of suspension must be' retarded by the slower 
motion of remoter particles; while these, on the contrary, ar* 

G 2 
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made to vibrate quicker by the tendency of the nearer par- 
ticles to oscillate in shorter times. Thus, in the annexed 

figure, it is obvious that the extreme 
particles at b must be forced to os- 
cillate in shorter times than they 
would do if left to themselves, while 
the particles at a must oscillate in 
longer times than a simple pen- 
dulum wjiose length is a a. There 
must therefore be some particle be- 
tween a and 6, situated at such a 
distance from A that the tendency 
of the particles above it to accelerate 
its motion, is exactly compensated 
by the tendency of the particles 
below it to retard its motion ; con- 
sequently, the molecule situated at 
this particular point, viz. o, oscil- 
lates in exactly the same time as it 
would do if liberated from all connection with the other par- 
ticles above, below, and around, and were set swinging by a 
thread without weight. This remarkable point is called the 
centre of oscillation.* 

* It the motion of a pendulum is to be completely stopped without 
producing any pressure on the point of suspension, the opposing force 
must be applied, not at its centre of gravity , but at its centre of oscilla- 
tion. Hence, this point is also named the centre of percussion. If a 
blow be given by a rod of uniform thickness, held by one end, and swung 
round in a circular arc, the effect of the blow is not so great at the 
middle, which is its centre of gravity, as at the centre of percussion, 
which is farther from the hand. This property of the centre of percus- 
sion can be ascertained by giving a smart blow with a stick. If we give 
it motion round the joint of the wrist only, and, holding it at one 
extremity, strike smartly at a point considerably nearer, or more remote, 
than two-thirds of its length from the hand, we feel a painful jar or 
strain in the hand ; but if we strike at the point which is precisely two- 
thirds of its length, no such disagreeable jar will be felt. If we strike 
the blow at one end of the stick, we must make its centre of motion at 
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131. The distance of the centre of oscillation from the 
point of suspension forms what is called the length of the 
pendulum. This length is in effect the length of the simple 
pendulum, which would oscillate with the same rapidity as the 
compound pendulum. The position of the centre of oscilla- 
tion depends on the form and magnitude of the oscillating 
body, the density of its several parts, and the position of the 
axis on which it swings. A pendulum of copper with a very 
thin rod, would have its centre of oscillation at o, Fig. 68 : 
but if the rod were thicker, its centre of oscillation would be 
higher ; but it can never be so high as the centre of gravity, 
o, though whatever raises or lowers the centre of gravity 
will raise or lower that of oscillation. ' A small weight added 
to the lower extremity b> causes the centre of oscillation to 
descend ; if this weight were placed higher than o, it would 
cause that centre to ascend. Accordingly, in some clocks a 
small weight is made to slide upon the pendulum-rod, by the 
adjustment of which the clock may be regulated ; it is, how- 
ever, more common for this purpose to cause the bob to ascend 
or descend by means of a screw placed beneath it. 

132. The addition of matter above the axis of motion, or 
lengthening the pendulum beyond a, has a very remarkable 
effect. As the matter above a must be rising whenever the 
rest of the pendulum is falling, and vice versd, it tends to 
retard every motion, just as the smaller weight in Atwood's 
machine retards the fall of the other. Hence the time of 
oscillation is lengthened, and may be made as long as we 
please; for, if the matter above a have its whole moment 
equal to that of the matter below a, there will be no ten- 
dency to oscillate, for a will be the centre of gravity, and 

one- third of its length from the other end, and then the strain will be 
avoided. The convenience of using a hammer, or an axe, depends on 
the position of its centre of percussion ; and swords have its position 
marked on the blade, and if they strike at a point very near the centre 
of percussion of one sword, and very far from that of the other, the latter 
will be broken, but not the former. 
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the body will remain at rest in whatever position it is placed, 
or if set in motion will tend to rotate continually, and a con- 
tinual rotation may be regarded as an oscillation of infinite 
length. Now the nearer we bring the centre of gravity to the 
axis of motion, the nearer shall we approach this state, and 
the longer will be the time of oscillation, or the greater will 
be the virtual length of the pendulum ; so that this length 
may be as great as we please, and when it is greater than the 
actual length, the centre of oscillation will be out of the 
pendulum, and may be at any distance from it.* 

1 33. Since the virtual length of a pendulum is estimated 
by the distance of its centre of oscillation from the axis of 
suspension, it follows from what has been said (129), that the 
times of vibration of different pendulums are in the same 
proportion as the square roots of the distances of their centres 
of oscillation from their axes of suspension. Now it is very 
remarkable, that whatever may be the positions of these two 
points, they are always mutually convertible. For example, 
if a be the axis of suspension, and o the corresponding centre 
of oscillation, the pendulum will vibrate in the same time if 
it be removed from its support, inverted, and suspended from 
o instead of a, for its centre of oscillation will then be at a. 
This property of the pendulum was made use of by Captain 
Kater, in his laborious experiments on the length of the 
seconds pendulum, with a view to furnishing a national 
standard of weights and measures. 

134. The mathematical method of determining the place 
of the centre of oscillation is somewhat difficult even in pen- 
dulums of the simplest forms and of uniform density, and 
hardly applicable in others. It may be observed, however, 
that the time of oscillation, and consequently the virtual 
length, is the same for all positions in which the distance of 
the axis of suspension from the centre of gravity remains 
constant ; and also, that the centre of gravity is always in 

* Thus we see that a body may be so held (or have its fixed axis in such 
a position) as to have no centre of percmnon. 
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the straight line joining the centre of oscillation and the axis. 
Hence, if a sphere be described round the centre of gravity 
• with any radius, another concentric sphere may be found, 
such that if the axis be a tangent to any point of either the 
outer or inner sphere, the centre of oscillation will be at the 
diametrically opposite point of the other sphere. It is 
possible to find such a radius for one of these spheres as shall 
make the other coincide with it In this case, that is, when 
the axis and the centre of oscillation are at equal distances 
from the centre of gravity, they are as near each other a* 
possible, so that the pendulum then oscillates in the shortest 
time possible. 

135. The determination of the exact virtual length of the 
pendulum vibrating seconds, or other measurable intervals 
of time, enables us to ascertain some most important facts 
respecting the earth and the force of gravity, some of which 
will be noticed in the next section. But in order to make 
the pendulum applicable to these delieate observations, it is 
necessary to determine, first, the exact time of a single 
vibration ; and, secondly the exact distance of the centre of 
oscillation from the point of suspension. The first point is 
determined by observing the precise number of oscillations 
made by the pendulum in a certain number of hours, as 
determined by a good chronometer ; and then dividing the 
time by the number of oscillations, the exact time of one 
oscillation will be obtained. But as it may be necessary 
during several hours to count many thousand oscillations, the 
chances of error are very great : the method of coincidences, 
invented by Borda, may therefore be employed. The pen- 
dulum whose motions are to be observed is placed before a 
pendulum clock, and the two are so adjusted as to oscillate 
nearly, but not quite in the same time. The two pendulums 
are set swinging at the same moment, but being slightly 
unequal in length, they soon cease to swing together ; one gains 
a little upon the other, so that they both cross each other in 
swinging, until at length one has gained a whole oscillation 
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upon the other : when this takes place, the two pendulums 
coincide for an instant, and again separate as before. Now, 
if all these coincidences be observed in a given time, say 
three hours, the hand of the clock will give the number of 
vibrations made by its pendulum, and the number of coin- 
cidences will show the number of vibrations which the other 
pendulum has gained or lost upon it. By adding or sub- 
tracting the number of coincidences from the number of 
oscillations shown by the clock, we get the exact number 
made by the experimental pendulum in three hours. Dividing 
the number of seconds in the three hours by this number of 
oscillations, we get the duration in seconds of each oscillation. 

The length of the pendulum, that is, the distance of the 
centre of oscillation from the point of suspension, may be found 
by the rule already given (133), and by giving to the pen- 
dulum a uniform figure and material, it is the more easily 
determined. 

130. The time of vibration and the length of a pendulum 
being known, it becomes easy, first, to determine the length of 
a pendulum which shall vibrato a given time ; and, secondly, 
to determine the time of vibration of a pendulum of a given 
length. In the one case the time of vibration of the known 
pendulum is to the time of vibration of the required pendulum 
as the square root of the length of the known pendulum is to 
the square root of the length of the required pendulum. The 
second problem may be solved thus : — the length of the known 
pendulum is to the length of the proposed pendulum as the 
square of the time of vibration of the known pendulum is to the 
square of the time of vibration of the proposed pendulum. 
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III. UNIFORMLY RETARDED MOTION COMPOSITION OF 

MOTIONS PROJECTILES HEAVENLY BODIES CENTRIFUGAL 

FORCE. 

137. Whatever has been stated in the last section respecting 
uniformly accelerated motion, as produced by the constant 
action of a force in the same direction in which a body is 
moving, will be found equally applicable to the converse 
case of uniformly retarded motion, produced by the constant 
and uniform action of a force in the contrary direction. As 
in the former case the velocity increased by equal additions 
in equal times, so in this case it is reduced by equal losses in 
equal times ; and if the force be the same, the velocity lost 
in any unit of time, such as a second, will be equal to that 
gained in a similar unit in the former case. Thus, when a 
body is projected or thrown directly upwards, and then left 
to the action of gravity* it rises during any second 32 feet 
less than during the previous second, until its velocity is 
reduced to 0, and then to less than 0, that is, to a motion in 
the contrary direction, when the same law continues un- 
altered, for the body gains, like any other falling body, 32 
feet of downward motion per second, which is the same 
thing as losing 32 feet of upward motion. By taking the 
opposite signs -f and — to represent upward and downward 
velocity, we may easily determine the motion of a projectile 
shot upwards with any given velocity, say 100 feet per 
second. At the end of a second its velocity will be reduced 
to 100 — 32 = 68 feet per second ; but the average speed 
during the whole second is the mean between 100 and 68, 
viz. 84 feet per second. 

In the 1st second it rises 100 — 16 m 84 feet 

In the 2nd „ „ 84 - 32 = 52 bringing it to 136 ^ 

In the 3rd „ „ 52 - 32 = 20 „ 156 feet froift 

In the 4th „ „ 20 - 32 = - 12 lowering it to 144 } the 

In the 5th „ „ -12 - 32 = - 44 „ 100 ground 

In the 6th „ „ -44 -32 = - 76 24 J 

G 3 
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And another quarter-second will exactly bring it to the 
ground, for its velocity at the end of the 6th second is 
100 — (6 x 32) = — 92 feet per second ; and at the end of 
6 J seconds it is 100 — (6\ x 32) = — 100 feet per second ; 
and the mean between 92 and 100 is 96, so that the average 
velocity during the quarter-second is 96 feet per second, or 
24 feet per quarter-second. 

As the velocity diminishes just as fast during the ascent 
as it increases during the descent, the body passes any point 
with the same velocity in rising as in falling, returns to its 
starting level with its original starting velocity, and takes 
the same time to perform the. whole or any part of its ascent 
as the whole or the corresponding part of its descent. 
Hence, having the initial velocity, we can easily find the 
time of ascent or descent; thus, as 32 : 100 :: 1 second 
(the time required to gain or lose a velocity of 32) : 3J 
seconds (the time required to gain or lose a velocity of 100) ; 
whence 6 J seconds are necessary, first to lose and then to 
gain it. The height attained, then, is 3j x 3£ x 16 feet 
= 156 feet 3 inches. 

138. We see by this example, that motions in the same or 
contrary directions can be compounded, like statical forces 
((>), by mere addition or subtraction ; for, in fact, the place 
of the body at any moment of its ascent or descent, at 
5 seconds after its projection, for instance, is the same as if 
it had first risen for 5 seconds with the uniform velocity 
imparted to it at starting, and then fallen for 5 seconds by 
th»» free action of gravity. The original velocity continued 
uniformly during this time would have carried it through 
4- .300 feet; and the action of gravity, as we have seen 
(1 1 3), would bring it through — (5 X 5 X 16) mm — 400 
feet ; and, accordingly, the action of both together brings it 
to ,oo0 — 400 = 100 feet from the ground. The same pro- 
cess will give its exact height at any other moment of the rise 
or fall. 

139. This composition of motions could not take place were 
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it not for a physical law of great importance and simplicity, 
which may be thus expressed, that the dynamical effects of 
forces are proportional to their statical effects. The same 
force which balances another force of twice the amount, will 
also when unbalanced produce twice as much motion ; that 
is to say, it will either (I.) impart to twice as much matter 
the same velocity in the same time ; or (II.) it will impart 
to the same matter twice the velocity in the same time ; or 
(III.) it will impart to the same matteitthe same velocity in 
half the time. It must be distinctly understood, that this is 
not, as some have supposed, an abstract or necessary truth, 
but a physical fact, or law of nature, — not a fact to be learnt 
by deduction^ but by induction from experiments ; and it is 
this which renders dynamics an inductive science. The 
rules for the composition of statical forces may be deduced 
without any appeal to nature; but such appeal is neces- 
sary before we can apply them to motions, for they would 
not be so applicable if motions were not proportional to the 
pressures producing them. For instance, it might have 
been so ordained that the dynamic effects of forces should 
be as the squares of their statical effects, or vice versa, — that 
a double pressure should produce a quadruple motion, or a 
quadruple pressure be required to produce a double motion, 
in neither of which cases could motions be compounded 
in the simple manner above explained. One consequence 
of this would be, that the proper motions of the various 
objects in a ship, for example, would not be so compounded 
with the common motion of the whole ship as to produce, r 
with regard to each other, the same effects as if the ship 
were at rest. For example, to quote a case from Professor 
Kobison, suppose a ship at anchor in a stream, and that one 
man walks forward on the quarter-deck at the rate of two 
miles an hour; that another walks from stem to stern at 
the same rate ; that a third man walks athwart ship, and 
that a fourth stands still. Now, let the ship be supposed to 
cut her cable, and to float down the stream at the rate of thre* 
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miles an hour. We cannot conceive any difference in the 
change made on each man's motion in absolute space; but 
their motions are now exceedingly different from what they 
were: the first man, whom we may suppose to have been 
walking westward, is now moving eastward one mile per 
hour ; the second is moving eastward four miles per hour ; 
the third is moving in an oblique direction about three 
points north or south of due east. All have suffered the 
same change of condition with the man who had been 
standing still ; he has now got a motion eastward at the 
rate of three miles an hour. In this instance we see very 
well the circumstance of sameness which obtains in the 
change of these four conditions. The motion of the ship is 
blended with the other motions; but this circumstance is 
equally present whenever the same previous motions are 
changed into the same new motions. "We must ascertain 
this by considering the manner in which the motion of the 
ship is blended with each of the men's motions. This kind 
of combination is called the composition of motion, to which 
the doctrine of the parallelogram of forces is applicable.* 

* The importance of this principle, and also that of experiment or 
active observation, as distinguished from mere experience or passive 
observation, is well shown by the history of an objection once urged 
against the Copernican system — viz. that if the earth were really moving, 
a stone dropped from a tower or precipice would be left behind, and fall 
at a considerable distance westward, just as it would, if dropped from 
the mast of a ship sailing on a river, be left abaft the foot of the mast. 
Neither of these experiments was actually tried ; they were thought 
too simple, and their results too obvious, to need a special examination. 
So the objection was met with learned arguments, answered by others 
equally satisfactory, till after some years the discussion was suddenly 
cut short by the simple discovery that the stone does not fall abaft the 
mast, but accurately at its foot (if in vacuo or in air that partakes of 
the ship's motion). Still no one thought of performing with care the 
other experiment, till, after the complete establishment of the laws of 
motion, it was seen that this would still, though for a different reason, 
afford the experimentum crucis for deciding whether the earth be in 
motion or at rest ; and now, instead of concluding against its motion, 
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140. But, to take a simpler case than the above, and one 
which has been already considered statically (8). Suppose the 
body x, Fig. 69, to be acted Fig. 69. 

on at once by three forces «r ~& 

in the directions of the V X Tv^vT 1 

arrows a, b,c; that A acting \ \ / / y' \ \ 

alone would in one unit c\^X_— -/**'-'• - % . v * 

of time (such as a second, j± . 

' or an hour) drive the body V^C 
to a ; that b acting alone * 
(and being weaker than a) would in the same length of time 
drive the body no further than to b; and that c, in like 
manner, acting alone, would cause it in the same length of 
time to reach c. Now, to find the effect of a and b united, 
complete the parallelogram x adb, and its further angle d 
is the point to which the body will be sent by the joint 
action of both a and b, in the same length of time that it 
would have occupied in reaching a by the action of A only, 
or in reaching b by the action of b only. This will be true, 
whether the two forces act both in the same manner or in 
different manners, however varied; but in the latter case, 
although the body arrive at the point d just as soon, yet it 
will travel thither by a different route. In order that it may 
move along the straight line x rf, it is necessary that the two 
forces act in the same manner ; such, for example, as by an 
instantaneous impulse, which will cause a uniform motion; 
or both may act continuously and uniformly, so as to produce 
a uniformly accelerated motion (like that of falling bodies) ; 
or both forces may act with a continually varying intensity, 
both increasing or diminishing at the same rate, and the 
motion will still be rectilinear. But if one force be instan- 
taneous* and the other continuous, or one uniformly continued 

because the stone does not fall at a great distance to the west, we actually 
derive a direct proof of that motion from the fact that it falls a very 
minute distance to the east of the vertical. — See " Introduction to the 
Study of Natural Philosophy," (36). 
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and the other varying in intensity, or both varying by dif- 
ferent laws, so as not to preserve constantly the same ratio 
to each other, then the path of the body will be a curve^ 
still, however, conducting it eventually to the point rf, in the 
same time that the force a would have taken to send it to <h 
or b to b. 

But suppose the third force c to act on the body x, and to 
be capable of carrying it to c in the same time that a and b 
jointly would carry it to d. We have only to complete the 
parallelogram a; dec, to find that by the combined action of 
all three forces the body will be sent in the same unit of 
time to e. Here it should be observed, that whether we first 
find the combined effect of ab and then add that of c, or 
first combine A c and then add b, or first combine B o and 
then add the effect of a, the result in either case will be the 
same, and will conduct us to the same point e. 

It is another remarkable consequence of this law, that 
whether we regard the directions of the three forces as being 
all in one plane, or in different planes ; whether we regard 
the lines of this figure as they really lie flat on the paper, or 
as the projection or picture of a solid parallelopiped, the law 
is equally true. The same process is of course capable of 
being extended to any number of forces or motions. 

141. This most important law as regards motions, may 
therefore be simply expressed in the following terms : — that 
by any number of forces acting together for a given length 
of time, a body is brought to the same place as if each of the 
forces, or one equal and parallel to it, had acted on the body 
separately and successively for an equal length of time. 
Thus, by the separate and successive action of the forces 
a, b, c, or equal and parallel ones, during a certain time, an 
equal time being allowed to each, the body x will be carried 
first to a; thence, by a force equal and parallel with b, it 
will be carried to d> and thence to e y by a force equal and 
parallel with c. Or if they act in any other order, it is 
easy to see that x will be carried along three straight lines, 
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• 

which, though forming a different route in each caee, will 
yet in every case bring it eventually to the same point e; 
which is also the point to which it will be carried when they 
all act together for the same length of time during which we 
have supposed each to act separately. 

142. Let us now consider the effect of the composition of a 
uniform with a uniformly accelerated motion, the two being 
in different but not opposite directions. In other words, let 
us observe the effect of a constant and uniform force acting 
in any way on a body already in motion. We have already 
considered the particular cases in which the force directly 
assists or directly opposes the motion, — the former is the 
case of falling bodies (114), the latter of those shot directly 
upwards (137). We come now, therefore, to the general 
case of projectiles, t. e. bodies thrown horizontally, or ob- 
liquely. To simplify the question, let us suppose them to 
move in a vacuum, so that they may be subject to no other 
force than gravity, which continually deflects them out of 
the straight line which they would otherwise describe (94), 
and which is called the line of projection. Now it matters 
not whether this line be horizontal, inclining upwards, or 
inclining downwards, it will constantly be found that the 
vertical depth of the projectile below this line at any moment, 
is equal to the depth which it would have fallen during the 
time which has elapsed since its projection. Thus, if a 
cannon-ball be shot from A, Fig. 70, in the direction a b t and 
its original velocity be such as would carry it through the 
space a a during one second, then, if not subject to gravity, 
it would proceed in a straight line and arrive at a in one 
second, at b in two seconds, and so on. But gravity alone 
would cause it during the first second to fall 16 feet, say 
from a to o. By completing the parallelogram a a g g, we 
see that after one second the body will have arrived at g, 
exactly as if it had first been carried by the projectile force 
during one second to a, and then fallen during one second 
to g. In the same way, during the next second, the ball 
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moves in the direction of projection through the space a b y 
or g A, and in the direction of gravity through h 2 s 3 times 
16 feet. In the third second it advances as much as before 

Fig. 70. 




viz. 2 i, and falls 5 times 1 6 feet, bringing it to the point 3 
Iu the fourth and fifth seconds it advances in the direction 
3 £, or 4 Z, as much as in the first second, but falls 7 times 
and 9 times as much, thus arriving at the points 4 and 5. 
Now it results from this, that the points A, g y 2, 3, 4, 5, are 
necessarily situated on a curved line of that kind called a 
parabola, and if the place of the ball at any other moments, 
however numerous, be found, all these points will likewise 
fall on the same curve. For instance, at half a second after 
projection, the ball will have been shot through half a a, 
aud will consequently be somewhere on the vertical line c 
half-way between A g and a g ; but it will not be half-way 
between c and a\ and consequently not in the straight line 
between A and y, for the space fallen through in half a 
second is, as we have seen, not 8 but only 4 feet, so that it 
will be only 4 feet below c; thus accounting for the con- 
tinued curvature of its path.* 

* As each force produces its whole effect independently of the other, 
it will be evident that the flight, however long, must be performed in 
the very same time' as if the body had been simply shot vertically up 
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143. The same construction will give us the path of a 
projectile shot horizontally, or obliquely downwards; and 
in all cases the path will be a portion of a parabola whose 
axis is vertical, or in the direction of gravity. When the 
inclination is upwards, as in Fig. 70, the distance from a at 
which the ball again crosses the horizontal line A 5, is called 
the horizontal range. This will be the greatest possible, 
with any given velocity of projection, when the body is 
projected at an angle of 45° with the horizon, which is the 
reason that mortars are fixed at that angle. In this case the 
greatest height attained is just one-fourth of the range.* It 
is also remarkable that the range will be diminished equally 
by equal deviations from this angle, whether above or below 
it. Thus a mortar will (with the same charge) carry to 
the same distance, on a level plain, when it is inclined 40° 
as when inclined 50°; or the same at 10° as at 80°. A very 
elementary knowledge of the nature of the parabola will 
enable the reader to deduce these, and some other singular 
facts, t 

to the highest level which it attains. So also a body shot horizontally 
with any velocity, will reach any lower level in exactly the same time as if 
it had been simply dropped. 

* So that, as the time of flight is twice the time of falling that height 
(or the exact time of falling fonr times that height), the ball arrives at 
its destination in the same time as if it had fallen a like distance vertically 
by the action of gravity. Hence the greatest range attainable (in feet) is 
16 times the square of the number of seconds in the flight. 

f In all this, the resistance of the air has been neglected ; and the intro- 
duction of this new force, varying as it does both in direction and inten- 
sity (being always opposed to the direction of the compound motion, and 
varying as the square of its velocity), complicates the problem so much 
as to render it one of the most difficult in dynamics, and one which cannot 
be said to be even yet reduced to a practical form. The calculations of 
gunnery are therefore necessarily founded on experiment, rather than 
exact reasoning. How great an effect the air has in altering the parabolic 
form, will be obvious from the feet that this curve, if perfect, would be 
symmetrical on each side of its axis ; whereas, in the actual path of a 
projectile, the descending branch is always shorter and steeper than the 
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144. We have hitherto regarded gravity as & parallel force 
(or as acting everywhere parallel to itself), because the centre 
towards which it is directed is so distant (nearly 4,000 miles) 
that the lines converging to such a centre may be considered 
parallel. But if the range of a projectile amounted to some 
miles, so as to bear a measurable ratio to the earth's radius, 
it would be necessary, in finding its path very exactly, to 
allow for the variation in the direction of gravity; or in 
other words, to regard it as a central force, by making the 
lines ag, a g, b 2, i 3, k 4, I 5, Fig. 70, no longer parallel, 
but such as would, if continued, meet at the earth's centre. 

145. A moderate acquaintance with the conic sections will 
enable the reader to imagine the effect of this change, viz. to 

7i # convert the parabola into 

one extremity of a very 
long and narrow ellipse, 
whose other extremity 
passes round the earth's 
centre, and has its focus 
at that centre. Such, in- 
deed, is the curve de- 
scribed by every projec- 
tile. Thus, in Fig. 71, a 
body thrown from a to b 
does not strictly describe 
a parabola whose focus is 
at f, but an ellipse, of which one focus is at f and the other 
at c. It is prevented, indeed, by impinging on the earth's 
surface at B, from describing more than a very small part of 

ascending one. If a cricket-ball described a parabola, it would fall 
to the ground as obliquely as it originally rose from the bat, but 
it is easily seen that it falls more perpendicularly. The want of symmetry 
will be more obvious in throwing a body of less density, such as cork ; 
but it increases so greatly with the velocity of projection, that a cannon- 
ball will describe a less symmetrical curve than a ball of cork thrown by 
hand. 
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the curve ;* but if we suppose all obstacles to be removed — if 
we imagine, for instance, the whole mass of the earth to be 
concentrated at the point c — the body would proceed round 
the entire oval, and (if encountering no resistance) return to 
the point a whence it started, and continue to revolve per- 
petually in the same orbit, which would exactly resemble 
that of a comet round the sun. Or, supposing the earth to 
retain its actual dimensions, if a body were projected horizon- 
tally from a with such a velocity as could carry it through 
the space a 6, in the time of falling through no greater space 
than b c, such body, though perpetually deflected by gravity, 
could never be brought to the ground by gravity alone ; but 
(if meeting with no other matter to be moved, such as air) 
would continue in the elliptical curve a c d> which, after 
approaching within a certain distance of the earth, again 
recedes therefrom, attains its greatest distance at the point 
diametrically opposite to its least distance, and has, like the 
former ellipse, one of its foci at c, the other being in this 
case at /. By a nice adjustment of the velocity and direc- 

* If it be asked, What becomes of its motion ? (for it has been stated 
(103) that motion is never lost), the reply is, that it is absorbed by ($. e. 
produces its effect on) the mass of the earth, by checking and destroying 
the equal and contrary motion which was imparted thereto by the recoil 
of the gun. Thus, were it not for the quality of action and reaction, 
even the puny motions produced by human agency would gradually drive 
the earth out of her orbit, and derange the mechanism of the universe. 
A child jumping pushes the earth from him, as well as himself from the 
earth ; and then attracts it as much as he is attracted, t. e. with as much 
momentum. As the spaces moved through by each are inversely as their 
masses, it follows that their common dentre of gravity remains unmoved : 
and this conservation of the centre of gravity is a principle of the utmost 
importance. It must be constantly borne in mind, that no actions, how- 
ever violent, between two or more bodies, can possibly move or disturb 
the motion of their common centre of gravity, — that can only be affected 
by forces from without the system. Even in the meeting of two cannon- 
balls, or the bursting of a bomb in the air, the common centre of gravity 
of all the fragments will continue its previous course, perfectly undisturbed 
by the shock 
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tion of projection, the eocentricity of the ellipse might 
become 0, or the path circular and concentric with the 
earth. 

146. It is in this manner, then, that the moon revolves in 
an ellipse of small eccentricity, of which one focus is occupied 
by the earths centre. Her deflection from the straight line, ' 
indeed, during a second, does not amount to anything 
approaching 16 feet; but, nevertheless, it is due to a force 
exactly identical with that which deflects a projectile. To 
prove this, we have only to observe that the distance of the 
moon from the centre of the earth is found by triangulation * 
to vary within certain limits, which, for the sake of sim- 
plicity, we will call 58 and 62 terrestrial radii ; t. e. 58 and 
62 times our distance from the same centre. Now the moon's 
deflection, when at the former distance, amounts, during any 
given time, to 33*3 4 of* the deflection or fall of a terrestrial 
body during the same length of time. But when at the 
latter-named distance, her deflection is only of that of 

a terrestrial body during an equal time. These numbers, 
3364 and 3844, will be observed to be the squares of 58 and 
62, whence it appears that the force which deflects the moon, 
varies in intensity inversely as the square of her distance 
from the earth's centre varies; and this is confirmed by 
observing her deflection at all other intermediate distances. 
Hence we may easily calculate at what rate she would be 
deflected or attracted if placed at any other distance not 
comprised within these limits. Now, if we calculate in this 
manner her deflection or fall, supposing her situated at our 
own distance from the earth's centre, we shall find it would 
be exactly 16 feet in a second, 64 feet in two seconds, &c. &c, 
like that of our projectiles or falling bodies.t 

* Sec 4 1 Introduction to the Study of Natural Philosophy," (22). 

f The identity of the force is further placed beyond all doubt by 
finding that the same variation of intensity, according to the distance 
from the earth's centre, applies also to terrestrial bodies; for the dis- 
tance fallen by them in the first second is found to be rather less upon 

• 

< 
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147. This calculation is celebrated as having laid the foun- 
dation of that magnificent discovery which forms the most 
memorable epoch in the whole history of science. But the 
reader must not suppose that the merit of this grand gene- 
ralization consisted merely, or indeed at all, in a bold and 
fcrtunate conjecture, supported by a few such calculations as 
this. Such a conjecture was not even new ; but in order to 
\remove it from the barren region of conjecture into that of 
rigid and useful demonstration, Newton had not merely to 
calculate, but to invent new methods of calculation (those 
previously known being wholly inadequate to solve such 
questions) ; not merely to demonstrate, but to invent new 
modes of demonstration, such as, though never before heard 
of, should yet command universal assent. He had, moreover, 
to show how this simple idea, when fully carried out, repre- 
sented exactly, in number, weight, and measure, not only the 
main features of planetary motion, but all its minutest 
details ; — not only the mean motions, or sucfc as are observ- 
able without actual measurement, and reconcileable with the 
simple notions of circular arid uniform motion, — not only 
the inequalities detected by a more attentive observation, 
and still designated by the term anomaly (though Kepler 
had just then reduced them to perfect order, and shown their 
dependence on the ellipticity of the orbits), — not only the 
still smaller, and till then unaccountable and seemingly 
capricious deviations from these laws of Kepler, — but also 

high mountains than at the sea-level, and to be diminished exactly as 
the square of the distance from the earth's centre is increased. This 
has been proved by comparing the oscillations of a pendulum at both 
stations, for the times of these oscillations can be compared, with any 
degree of exactness, by counting the number of them made in a day, or 
any number of days ; and we have seen that these times bear a constant 
ratio to that of falling half the height of the pendulum. A pendulum 
beating exact seconds at Chamouni, would lose upwards of 120 beats 
per day at the top of Mont Blanc ; the depth fallen by a body in the first 
second being nearly two-sevenths of an inch more in the valley than on 
the mountain. 
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numerous other variations, too slow or too minute to be 
detected by the instruments then in use, but which improved 
means of observation have since rendered appreciable, thus 
affording continually, as the observations become more 
exact, new confirmations of this wonderful theory; which, 
among all the multifarious phenomena of falling bodies, pen- 
dulums, the earth, moon, sun, tides, planets, satellites, comets, 
double stars, leaves not jone fact imperfectly explained, either* 
as regards kind or quantity; whether it bo a cosmical 
movement, perceptible only in the lapse of many ages, or the 
rising of one spring-tide an inch higher than another, or the 
gain or loss of a few beats per month by a pendulum placed 
in a new situation. 

148. Not content, like many theorists, with proving that his 
assumed force would be sufficient to produce all the observed 
effects, Newton undertook to prove that no other force could 
possibly explain them ; no other being reconcileable with the 
laws which had just been established by the indefatigable 
labours of Kepler. This philosopher had devoted his life to 
the work of ascertaining the laws which regulate (I.) the rela- 
tive velocities of a planet in different parts of its orbit ; (II.) 
the form of that orbit; and (III.) the relative velocities of the 
different planets ; and he had succeeded in all three objects. 

149. First, with regard to the variations in the velocity of 
the same planet, he had found, that in the case of Mars (and 
it has since been amply confirmed in every other case), the 
imaginary line drawn from the planet to the sun's centre 
(called the radius vector) moves always in the same plane, 
and in such a way as to pass over equal areas in equal times. 
Thus in Fig. 72 (which represents the most eccentric of the 
known planetary orbits), if the areas of the sectors 1, 2, 3, 
4, 5, be all equal, the planet will employ an equal time in 
moving through each of these portions of its orbit It can be 
demonstrated from this, that the force which deflects it is 
never directed otherwise than towards the point s; apd, 
indeed, that a force so directed will necessarily produce this 
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effect, may be easily proved* thus: — Let the body be at a, 
and moving with such velocity as would in a unit of time 
carry it to b, while the 
attraction towards 8 ™* m 
would, in the same 
unit, draw it to g. Let 
us first suppose the 
attraction to act only 
for an instant, but 
to impart, in that in- 
stant, such a velocity 
as would carry the 
body in a unit of time 
to g. By drawing the 
parallelogram a gb c, 
it will be seen that, at 
the end of this time, 
the body will be found at c; and as both the component 
motions are, for the present, supposed to be uniform, the path 
of the body will be the straight line a c (140). Now let the 
attraction again act for an instant only, imparting such a 
velocity towards s as would, in another unit of time, carry 
the body, if previously at rest, through the space cg\ which 

* However simple this and the other results of Kepler's labours may 
appear, they could not be elicited without a degree of perseverance 
almost unparalleled, and of which we can hardly form an idea. He had 
neither the sextant, which has been called " a portable observatory/' 
nor logarithms, by which a few lines of simple addition are made to 
serve instead of sheets of complex calculations. Yet thousands of 
observations had to be made and compared, not only to ascertain the 
truth of each of Kepler's laws, but the falsehood of each of his unsuc- 
cessful guesses — and these amounted, in the present case alone, to seven- 
teen. His contemporaries regarded him as a useless dreamer ; but 
without these discoveries we should have had no Nautical Almanac. 
Merchants, underwriters, the most practical men of the present day, 
stake their fortunes upon the results of these dreamy speculations of 
Kepler, 
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may be greater or less than a g in any proportion. But the 
previously acquired motion of the body would carry it in this 
second unit through the space c d equal to a c, and in a 
straight line with it We draw, therefore, the parallelogram 
eg' de, and find that the body will describe in this time the 
straight line c e. Now, by the well-known rules respecting 
the areas of triangles (Euclid, Book L Prop. 37), because d e 
and c s are parallel, the triangles e c s, d c B are equal, and 
(Prop. 38) because a c and c d are equal, the triangles a c s, 
d c s are equal ; so that e c 8 is equal to c a s, or the area 
described by the radius vector in the second unit, to that 
described in the first ; and therefore, if the attraction continue 
to act by instantaneous impulses (whether equal or not), 
repeated at equal intervals of time, the body (having its 
. motion changed by each impulse, but uniform during the 
intervals) will describe a series of straight lines, such that the 
area described in each interval will be equal. Now, however 
short and numerous we suppose these equal intervals to be, the 
law will still obtain ; therefore it will obtain when they are 
infinitely short, t. e. when the force acts continuously; in which 
case the series of straight lines becomes a curve. To whatever 
point, then, the deflecting force (or attraction) may be directed, 
the radius drawn from this point passes over areas proportional 
to the times of describing them ; and conversely, when this 
uniform description of areas is observed, with regard to any 
point s, it proves that the deflecting force is constantly directed 
towards that point. This remains, true, in whatever way the 
magnitude of the force may vary. 

150. The second law observed by Kepler, is, that every planet 
describes an elliptical orbit, having the sun's centre in one of 
its foci.* As the former law enabled Newton to deduce the 

* Strictly speaking, however, neither this nor the former law applies 
exactly to the sun's centre, but to that point near it which is the common 
centre of gravity of himself and all his planets, and which point is, as 
we have seen, immoveable by any action between the bodies of the 
system. 
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manner in which the direction of the force varies; so the 
present enabled him to prove how its magnitude varies ; viz. 
inversely as the square of the body's distance from the centre 
of attraction ; so that if the distance be doubled, the force is 
diminished 4 times. It has been thought by some that this 
is a necessary property of every force directed to or from a 
centre, because anything spreading in all directions from a 
centre, — light from a candle, for instance, — becomes, at a double 
distance, spread over a quadruple space (twice as long, and 
twice as broad) ; but it has been doubted whether this argu- 
ment can be extended to forces in general, and the great 
philosopher himself certainly regarded the law as an experi- 
mental one. It applies so universally, however, to central 
forces, that this may be considered useful as a method of 
impressing it on the memory.* The proof that it applies to 
terrestrial gravity has already been mentioned. (See note, 
page 140.) 

151. Kepler's third great discovery, instead of relating to 
the motion of each planet separately, indicates a relation 
between them all ; thus binding the whole into one har- 
monious system, and enabling Newton to prove that the forces 
deflecting them towards the sun are not merely similar, but 
identical. Kepler found that the periodic times of any two 
planets (t. e, the times occupied in revolving round their whole 
orbits) are proportional to the square roots of the cubes of 
the longest diameters of those orbits ; or, as it is commonly 
stated, " the squares of the times are as the cubes of the mean 
distances ;" for it will be observed that the mean distance of 
a planet from the sun is half the major axis (or longest 
diameter) of its orbit, for it comes to its greatest and least 
distances at the two extremities of this line, which is, accord- 
ingly, equal to the sum of these distances, or twice their mean. 

1.52. From this law, Newton proved that the deflections in 
equal times of two different planets were connected in the very 

* This is more folly explained by a figure in " Introduction to Natural 
Philosophy," (55). 
Mechanics, w 
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same manner as those of the same planet in different parts 
of its orhit ; viz, that they were inversely as the squares of 
the distances from the sun s centre. Thus the same sort of 
connexion is established between the sunward deflections of 
different planets, as between the earthward deflections of the 
moon and of a projectile. Moreover, it follows, that as all 
the planets are deflected inversely as the squares of their 
distances, they would all be deflected equally if at the same 
distance, i. e. they would all fall sunward with equal veloci- 
ties ; just as we have seen that all terrestrial bodies (at the 
same place) fall earthward with equal velocities; and that 
the moon would do the same at the same distance. Thus we 
have another point of resemblance between solar and terres- 
trial attraction ; that each pulls all bodies at the same distance 
with equal velocities, and therefore with forces exactly pro- 
portioned to the masses of the bodies pulled. 

153. The observance of exactly the same laws in the mo- 
tions of the satellites of the great planets, shows that a force 
of the same kind is exerted towards their centres. Moreover, 
at equal distances, the largest body attracts with most force 
in every case ; for the deflection towards Jupiter is 340 
times, — towards Saturn 101 times, — and towards the Sun 
354,936 times — greater than that towards the Earth at an 
equal distance, and in equal times. That these numbers are 
only in the order of (but not proportional to) the sizes of the 
respective bodies, need not surprise us, for it simply indicates 
a difference of density, by no means greater than that existing 
between some of the commonest substances around us, such 
as marble and wood. 

154. So far we find nothing to contradict the idea that this 
force of attraction is a peculiar virtue inherent in certain 
points, viz. the centres of these great bodies. But Newton's 
generalization went a great deal further than this. Having 
first proved that all these effects would be exactly the same, 
on the supposition of a similar force exerted by each particle 
of matter composing them, he then showed that there were 
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certain other phenomena uot explicable on the former suppo- 
sition, for though a sphere composed of attractive particles 
will produce on every other body exactly the same effects as 
if its attraction resided in its centre alone, this is not the case 
with a spheroid or orange-like body, such as Jupiter ; and 
accordingly there are certain variations observable in the 
motions of his satellites, which show that they are attracted 
not merely by his centre, but by every part of his mass.* 
Other inequalites in their motions also prove that they 
attract each other, and Jupiter himself, with forces exactly 
proportioned to their masses ; and similar reactions between 
all, even the smallest, bodies of the solar system, account, in 
exact measure, for all the minutest deviations from Kepler's 
laws; so that at length — to place the crowning stone upon 
this wondrous edifice— we have in our own day seen the 
inverse problem of perturbation solved. By the comparison 
of certain deviations, not exactly explained by the action of 
the known bodies, theory boldly referred them to the influence 
of a body previously unknown, and even pointed out its place 

mthe trackless and infinite void : so that when the telescope 

* The lunar inequalities prove the same thing with regard to the 
matter of the earth. But a more satisfactory proof perhaps is derived 
from the fact that, notwithstanding the diminution of gravity in ascending 
mountains, it diminishes also in descending mines, because the stratum 
of earth above us then opposes instead of assists the attraction of that 
below. This experiment was first tried by Messrs. Airy and \Y he well by 
swinging a pendulum at the bottom of Dolcoath Mine. That all protu- 
berances also share the attractive power, is shown by the deflection of 
the plumb-line near the foot of mountains, which was first observed by 
Bouguer and La Condamine at the foot of the Andes, and afterwards, 
with great precision, by Maskelyne, in 1774, at the mountain Schehallien, 
in Perthshire. The plumb-line deviated about 6" from the vertical direc- 
tion. It was ascertained from this experiment, and from a careful mea- 
surement of the mountain and examination of the density of its materials, 
that the mass of the terrestrial globe is about 5 times greater than that 
of a globe of water of the same dimensions : Cavendish made it 5.4, and 
the recent repetition of the Cavendish experiment by the Astronomical 
Society has made it 5.6. 
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was pointed to that assigned spot, the feeble glimmering of 
the planet was at once detected. This may be regarded as one 
of the greatest triumphs which modern science has achieved. 

155. It appears, then, that attraction or gravity ' is a 
universal property, common to all matter, every particle in 
the universe* attracting every other particle; but the attrac- 
tion between two bodies both of moderate size, is too feeble to 
be observed under common- circumstances. The attraction of 
a ship for boats very near it, however, is well known ; and 
Cavendish distinctly observed, and even measured, that of 
leaden globes delicately suspended in an air-tight room, and 
viewed from a distance through a telescope. 

156. The force which we call the weight of any body is, 
therefore, the resultant of the forces with which it is attracted 
by all the other bodies in the universe, all their forces being 
proportional to their masses divided by the squares of their 
distances. Such, at least, is a correct definition of the weight 
of any body at rest or in rectilinear motion ; but in the case 
of bodies describing curves, we have seen that some centripetal^ 
or centreward, force is necessarily employed in deflecting them 
from the straight line which their inertia would otherwise 
cause them to describe. In a wheel or a pendulum this 
force is supplied by the cohesion of the spokes or the 
pendulum-rod, but in a projectile or a planet it is supplied 
by gravity. Now, in the case of all bodies resting on the 
earth's surface, a portion of their earthward gravity must be 
employed in thus deflecting them from a straight line into 
the circle which they describe by the earths daily rotation 
and we must restrict the term weight to that portion of their 
gravity which is not so employed, for this is the only portion 
which causes them to fall or press downwards. If their 
gravity were only just sufficient to deflect them (as is the 
case with a planet), they would have no downward pressure, 
that is, no weight. This is what actually occurs on the 

* It has been established by the joint labours of the two Herschels, 
that the same force regulates the motions of the immeasurably distaut 
double stars. 
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outer edge of Saturn's ring, and is in all probability necessary 
to the very existence, of that stupendous arch.* The same 
thing would occur on the earth's equator if her rotation 
were only 17 times more rapid than it is, for the deflection 
from a straight line would then amount to 16 feet in 1 second, 
64 feet in 2 seconds, &c., or would be as much as gravity 
could produce. At present, however, the deflection of a body 
at the equator during a second is only about § of an inch, 
so that a body deprived of weight would, in consequence of 
its inertia, pursue a straight line, or tangent to the equator, 
which would in 1 second lift it | of an inch above the 
surface. Now this tendency, which the inertia of bodies 
gives them, to recede from the centre of their motion, may bo 
regarded as % force, under the name of centrifugal force. 
The weight of a body, then, is the resultant of its gravity 
towards all the other bodies of the universe, compounded with 
its centrifugal force. 

157. When different bodies revolve round the same axis in 
equal times, as the different parts of a wheel or of the earth, 
their centrifugal forces are evidently proportional to their dis- 
tances from that axis. Hence, in receding from the equator, 

* As there is a limit to the cohesion and rigidity of all solids, how- 
ever hard, such vast masses as the planets could not (if at rest) deviate 
beyond a certain extent from the spherical figure, for their prominent 
parts could not support their own weight, but would sink and spread, 
as the Pyramids would do if composed of jelly, or the Andes if com- 
posed of freestone ; and this limit to the height of mountains would be 
less in a larger planet, so that perhaps no substance in a mass as large 
as the Sun could behave differently from a fluid. So also with arches s 
as Chester bridge could not have been built of jelly, so there would 
be a limit to the span even of an arch of steel. What, then, must be 
the adamantine texture of an arch encircling a world ! and not this, 
but the thousandfold greater world of Saturn 1 We may conclude that 
this wondrous structure could not subsist by cohesion alone, unassisted 
by its centrifugal force. 

For a practical view of the subject of cohesion, and tables of its 
amount in different solids, see u Rudiments of Civil Engineering," 
Part 1. chap. iii. 
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our centrifugal force diminishes, because we approach nearer 
the earth's axis. But besides being diminished, it ceases to 
be directly opposed to gravity, because the latter acts towards 
the earth's centre, while the former acts /rom, and at right 
angles with, her axis. Thus, in London, it acts not directly 
upward, but upward and southward, at an angle of 51 J° from 
the vertical. (By the vertical we here mean the earth's 
radius, and by up and down, to and from her centre.) The 
whole effect of centrifugal force in this latitude during a 
second would be about 0.415 of an inch, viz. 0.259 upward, 
and 0.325 southward. Compounding this, then, with the effect 
of gravity, which is 193.403 inches* downward, we find that 
their combined effect, or that of weighty will be only 193.145 
inches downward, and 0.325 of an inch southward* A body, 
then, does not fall, nor a plumb-line hang, truly vertical, or 
towards the earth's centre, but deviates towards the south 
by about 7 } T of its length. Hence, a surface which we call 
level or horizontal, as that of a liquid, is not equidistant at 
all its points from the earth's centre, but may be said to 
have a rise toward the south of 1 in 594 (as compared with 
a spherical surface conceutric with the earth). By extending 
the same argument to every part of the earth's surface, it 
will appear, that if it were covered with a fluid, the surface of 
that fluid would be a spheroid 26 miles thicker across the 
equator than from pole to pole ; so that if the earth were 
a solid sphere, water might be poured on till it stood 13 miles 
high at the equator, still leaving the poles dry. But as some 
land is exposed, and some covered, in every latitude, we thus 
see that the earth has been designedly formed with a shape 
nearer this spheroid than the sphere, and with a view to her 

* This number is obtained thus exactly by means of pendulum obser- 
rations ; for we have seen that as the time of one vibration : the time of 
falling half the pendulum's length :: the circumference of a circle, 
i its diameter (129). Whence it follows, that the height fallen in one 
second is 3.1416 x 3.1416 x half the length of a seconds pendulum at 
the same place. 
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rotation with this particular velocity.* The same applies to 
the other planets, the rapid rotation of Jupiter, for instance, 
explaining his great deviation from the spherical figure. 

158. We need not multiply instances of the more familiar 
effects of centrifugal force, — the destructive violence with 
which grinding-stones have flown in pieces when too rapidly 
turned, or the useful application of the same force to regulate 
the supply of steam to an engine by the conical pendulum, or 
governor. Some beautiful illustrations, however, are afforded 
by the feats of horsemanship in the ring of an amphitheatre. It 
may not be generally known that the circular form is absolutely 
necessary to the success of these performances. It would pro- 
bably be impossible for the horseman even to stand on his saddle 
while the horse is moving in a straight line, still less to perform 
the elegant and surprising evolutions which we so much admire, 
because it would be impossible for the rider so to alter the 
position of his body with each motion of the horse as to keep 
the centre of gravity of his body constantly within the narrow 
base of hid feet. " But if," as Professor Moseley remarks, 
" instead of riding in a straight line, he rides in a curve, a 
new force is lent to him to support his weight — acting, too, as 
if it acted at the same point where his weight may be supposed 
to act, viz. his centre of gravity ; this new force is his centri- 

* Thus we see, that on approaching the equator, not only must the 
centrifugal force increase, because we are farther from the axis, but also 
the force of gravity must slightly diminish, because we are a little farther 
from the centre. For both reasons, therefore, weight must diminish ; 
and this will be detected by opposing a weight to some constant force 
(as the elasticity of a spring), or more exactly by the vibrations of the 
pendulum. The first observations for this purpose were made by Richter 
in 1672, at Cayenne, where he found the seconds pendulum to be about 
£ inch shorter than at Paris. The London seconds pendulum has been 
made the standard of our measures, as already noticed (note, p. 3). The 
pendulum observations, measurements of degrees (•« Introduction to 
Natural Philosophy," sec. 22), and lunar perturbations, though perfectly 
independent, all concur in making the difference of the earth's greatest and 
least diameters = about ^ of either. 
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fugal force. His centre of gravity has now no longer any 
occasion to be brought over the base of his feet, another 
horizontal force joins in supporting it, and poised between the 
horizontal force and the resistance of his feet, its equili- 
brium is easily found. To the action of the centrifugal force, 
which would otherwise overthrow him outwards, the horse- 
man slightly opposes the weight of his body by leaning 
inwards ; and does he find his inclination too great, he urges 
on his horse, and his centrifugal force, thus increased, raises 
him up again. By thus varying his velocity and the inclina- 
tion of his body, the conditions of his equilibrium are placed 
completely under his control, and he can perform a thousand 
evolutions that moving in a straight line he could not ; he can 
leap upon his horse, stand upon his head or his hands whilst 
he is performing his gyrations, or jump from his horse upon 
the ground, and, running to accompany its motion, vault 
again upon his saddle. The conditions of his stability, and 
even the force of his gravity, appear to be mastered. There 
is in fact given to him a third invisible power, by the act of 
his revolution, which is a certain modification of the force of 
his onward motion ; this acts with him in all the evolutions 
he makes, and is the secret of all his feats." 
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The conditions of equilibrium in liquids, and the pres- 
sures exerted by them, are considered in the science of 
Hydrostatics, the third of the four great divisions which form 
the subject of general Mechanics. 

159. The properties of liquids are always modified by the 
action of two forces ; viz. that of weight, or the attraction of 
gravitation, to which they, in common with matter of all 
kinds, are subject ; and, secondly, molecular attraction, which 
must act differently in liquids and solids, although we have 
no means of determining in what this difference consists. 
We can readily form an idea of the distinct action of each of 
these forces, for we can imagine a mass of water ceasing to 
be heavy without ceasing to be liquid ; such a mass would 
neither fall nor flow when turned out of the vessel containing 
it, and indeed it would not require for its equilibrium to be 
sustained by the ground, or even by a vessel ; and yet such 
a mass of weightless fluid would display a number of re- 
markable properties, the most important of which would l>e 
equality of pressure in all directions; that is to say, the 
liquid would transmit equally, and in all directions, any pres- 
sure exerted on its surface. For example, let a b c d e J\ 
Fig. 73, be a vessel containing a liquid supposed to be without 
weight, and p a solid piston, which exactly covers its surface. 
If the piston is also without weight, it is clear that the liquid 
experiences no pressure, and that if a hole were made in the 

u 3 
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vessel no portion of the liquid would flow out. Now, sup- 
pose that the piston be loaded with any given weight, say 
100 pounds, it will of course tend to sink down into the 
liquid, and it would do so unless the liquid itself opposed 
such a tendency. Whether the liquid be compressible or not, 
the result is the same, for the liquid must either become 
annihilated, or it must bear up the weight of 100 lbs. If we 
divide the liquid into any number of layers, the uppermost 
layer, which is in contact with the piston, and sustains it, 
also sustains the whole of the weight, and would of course 
descend unless supported by the layer immediately beneath, 
which receives from the one above it as much pressure as 
that one receives from the piston. So also the second layer 

presses upon the third, and in 
this way we may go on until 
we arrive at the bottom of the 
vessel, which we shall find has 
to sustain the pressure of the 
100 lbs. exactly as if the weight 
and piston were placed there 
instead of being transmitted by 
the liquid. Now, as this pres- 
sure of 100 lbs. is borne by the 
whole of the base of the vessel, 
it is evident that one-half of the base sustains only 50 lbs., 
and that one-hundredth part of the base sustains only 1 lb. 
We see, then, from this illustration, 1st, That the pressure is 
transmitted by horizontal surfaces from the top to the bottom 
of the vessel without any loss of effect; 2nd, That the pres- 
sure is equal at each point ; 3rd, That it is proportional to 
the extent of the surface under consideration. 

160. So far we find no difference between a liquid and a 
solid ; but the peculiar characteristic of liquids is, that the same 
effects are produced on the sides of the vessel as on the base. 
If a lateral opening be made in any direction, as at ab, the 
liquid will spirt out ; and if the opening thus made be of the 



Fig. 73. 
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same size as the piston p, it will require a force equal to 
100 lbs. to prevent the water from spirting out; if this side 
opening be only one-hundredth of the area of the piston, the 
water may be kept back with the force of 1 lb. If a hole be 
made in the piston, the liquid will spirt upwards, proving 
that the piston also sustains a pressure similar to that on the 
base and sides of the vessel. Indeed, this necessarily arises 
from the principle of action and reaction. It will be seen 
that liquids transmit equally, and in all directions, the pres- 
sures exerted on any part of them, so that every surface 
which they touch receives (and must return) a pressure pro- 
portioned to its area. Thus, if the area of the piston p be, as 
we have supposed, 100 times that of the piston /?, it will 
require a pressure of 100 lbs. on p to balance 1 lb. on p. Thus 
we have another simple machine, like those commonly called 
mechanical powers, and described in Statics (IV.). And this 
hydrostatic power, no less than the others, depends on the 
principle of virtual velocities ; for it is evident that if the 
piston p be pushed in through any given distance, the piston 
p, which is 100 times larger, will be thrust out only of 
that distance, so that whatever may be the gain of power, it 
is procured by an equivalent loss of motion. Used as a press 
(Bramah's press), this machine has some great advantages 
over the wedge or the screw, as its mechanical efficacy can 
evidently be increased to almost any extent without any pro- 
portionate increase of friction or complication of parts. 

161. Now it must be evident that this property can be in 
no way altered by conferring weight on the liquids under con- 
sideration, except that additional forces arising from the 
mutual weight and pressure of the particles have to be taken 
into account. Whence it follows, that in order for a liquid to 
be in equilibrium, first every point of its surface must be 
perpendicular or normal to the force which acts upon it ; 
and, secondly, each individual particle of the liquid must 
experience equal pressures in all directions. 

162. With respect to the first condition of equilibrium, let 
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us suppose that the surface is not perpendicular to the force 
which acts upon the liquid particles ; that this surface follows 

the direction acde y Fig. 74, while the force 
Y\g.JA. ^ ac ^ g ^ e direction of the vertical lines v v. 

I In such case a horizontal layer b d must 
\ be pressed by the weight of all the particles ' 
| above it ; and this pressure being, as we 
I have seen, transmitted laterally, the mole- 
l^feHMHl cu ^ e ^ *° r example, would be thrust out by 

this lateral pressure, since there is no coun- 
terbalancing pressure on the opposite side ; it is thrust aside, 
and another particle occupies its place, which, in its turn, 
is also thrust aside, until at length the particles forming the 
curve acd have fallen into the depression d 0, and the whole 
surface has become horizontal. The same process would take 
place with any other portion of the liquid above the hori- 
zontal surface, and there can be no equilibrium until there are 
no more particles to descend ; when such is the case, they are 
all ranged in a plane normal to the force.* 

* From this law arises not only the generally level or horizontal sur- 
face of liquids at rest, but also all the deviations from such a level. 
Thus the surface of water commonly rises with a concave slope where 
it meets the side of the vessel, because the particles very near the solid are 
attracted by it as well as by the earth ; and the resultant of the two 
attractions is therefore not vertical, but more and more inclined in 
approaching the solid wall ; and the liquid surface is everywhere at right 
angles with this resultant. If, however, the solid be less than half as 
dense as the liquid, the extreme particles will be more attracted by the 
liquid on one side than by the solid on the other, so that the resultant 
will incline the contrary way, and the surface will be depressed instead 
of being raised, and convex instead of concave, as happens with mercury 
resting against glass, or water against a dry cork ; but if the cork be pre- 
viously wetted, the liquid film adhering to it will have the same effect 
as a denser solid. Many other curious effects of this kind are classed 
under the term capillarity. (See " Introduction to Natural Philosophy," 
sec. 39.) Widely contrasted in scale, but similar in principle to these, are 
the effects mentioned in our last section. The general surface of the 
ocean, acted on at once by two forces (gravity towards the earth's 
centre, and centrifugal force from her axis), must, at every point, be 
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163. From the principle of equal pressures, as well as from 
the first condition of equilibrium in liquids, many important 
consequences are obtained. For example, the pressure of 
water and other liquids upon a given surface, is in propor- 
tion jointly to the magnitude of that surface and to the 
mean height of the liquid above that surface.* This truth 
is readily understood in the case of a cylindrical vessel, 
such as No. 1, in 

Fig. 75, but it is Fi &- 75 - 

not so evident in 

the vessels No. 2 v^-— - / 

and No. 3. All 
three vessels con- 
tain very unequal 
quantities of wa- 
ter ; they differ in 
every respect ex- 
cept being of equal height and base ; and in each case the 
same amount of pressure is exerted on the base without 
any regard to the bulk of the water. Hence we may estimate 
the pressure of a fluid upon the base of the containing vessel 
by multiplying its height into the area of the base, and this 
product by the density of the fluid. In the vessel No. 2 it 
will be seen that the bottom bears only the column of fluid 
denoted by the dotted lines, and which is exactly equal to 
the whole fluid in No. 1. But however paradoxical it may 

perpendicular to their resultant {i.e. to the direction of the plumb-line), 
and hence becomes a spheroid, flattened towards the poles. So also 
in the sides of a whirlpool the liquid surface is sloping, because the 
resultant of gravity and centrifugal force is sloping, as would be shown 
by a plumb-line in a vessel carried round the whirl. The moon's attrac^ 
tion, too, combines with that of the earth to produce a resultant which 
is not always vertical ; and thus the mobile surface of the ocean, con- 
stantly seeking an equilibrium which it cannot find on account of the 
moon's motion, is alternately raised and depressed, and produces the 
periodical oscillations of the tides. 

* That is, its height above the centre of gravity of the surface. 
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appear, it is no less true, that the base of No. 3 bears a pres- 
sure exactly equal to this same weight of fluid, although the 
whole vessel does not contain so much. 

164. Some curious results may be obtained by the opera- 
Fig 76 ** on °^ tD * 8 ^ aw * a ve88e l A » Fig. 76, full 
of water, have a slender tube b screwed into it ; 
on filling the tube with water to a certain height, 
the vessel will immediately burst ; and the height 
of the fluid necessary to effect this result will be 
exactly the same, however large or however email 
the tube may be ; so that the weight of a single 
ounce of water, if piled high enough, may burst 
the strongest vessel. Suppose the bore of the tube 
to be one-twentieth of an inch, then whatever pres- 
sure is transmitted through it, an equal pressure 
will be borne by every space one-twentieth of an 
inch in diameter throughout the interior of a. 
Now a square inch contains about 530 such spaces : 
so that an ounce of water poured into such a tube 
would exert a pressure of 530 ounces, or 33 pounds, 
on every square inch of a ; a force which few 
vessels, except steam-boilers, are made capable of 
resisting. 

165. Thus the whole interior surface of a vessel 
is subject to an enormous pressure in consequence 
of the manner in which liquid pressure is trans- 
mitted. And not only the interior surface, but 
the liquid particles also in every part of the 
vessel, are subject to corresponding pressures. 
In the interior of the liquid mass contained in 
the vessel shown in Fig. 77, let us imagine a 
layer 1 1 parallel to the surface s s. All the particles of this 
layer are evidently pressed by the mass of liquid above 
them ; they are, as it were, under the pressure of a liquid 
cylinder s s 11. But it is important to observe that this 
pressure from above, downwards, is, by the principle of 
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Fig. 77. 




Fig. 78. 



action and reaction, exactly equal to that 
from below, upwards ; and the separate 
molecules of this layer 1 1 are held in 
equilibrium by these equal and opposite 
pressures. Now, in limiting our attention 
to a portion only of this layer, a b, it will 
be seen that the surface a b is at once 
pressed from above, downwards, by the 
liquid column c d b a, and from below, 
upwards, by a precisely equal force ; so that if a solid were 
plunged into the water whose base exactly occupied a 6, 
this pressure would act upon the solid from below, upwards, 
tending to drive it out of the liquid. 

166. This will be clear from the following experiment:— 
A tolerably large glass tube Fig. 78, ground flat at its lower 
extremity, is closed by means of a glass plate or valve v t?, 
from the centre of which proceeds a string 
up to the top of the tube. If the surfaces 
be tolerably smooth, the valve will close the 
tube water-tight on pulling the string. On 
lowering the tube thus closed into the ves- 
sel of water abcd, the thread can be let 
go, because the valve will be upheld by the 
upward pressure of the water; and that 
this pressure is equal to that which it 
would sustain at that depth from a column 
of water acting from the surface, down- 
wards, is proved by pouring water into the tube. As soon 
as the interior level approaches the exterior a a, the glass 
valve is pressed from above as much as it was before pressed 
from below, and it then falls to the bottom of the vessel 
by its own weight.* 

* Or rather by the difference between its weight and that of an equal 
bulk of water, for it cannot descend without raising such a quantity of 
water, just as the heavy arm of a balance cannot descend without raising 
the lighter arm. 
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1 67. The pressure, then, upon a given surface, is the same, 
whether it face upwards or downwards; and may also be 
proved to be the same in whatever direction it be turned, 
provided its centre of gravity remain at the same depth below 
the liquid surface; for this pressure is equal to the weight 
of a column of liquid whose base is the given surface, and 
whose length equals the depth of its centre of gravity. 

168. In water, the pressure on any surface at the depth of 

1 foot is equal to nearly half a pound on the square inch. At 

2 feet deep it is about 1 lb. At 3 feet = l£ lb. At 4 feet = 
2 lbs. At 5 feet = 2£ lbs. In a cubical vessel full of a liquid, 
the pressure on any one side is equal one-half the pressure 
on the base ; for the bottom sustains a pressure equal to the 
whole weight of the fluid, and the pressure sustained by each 
side is equal to the weight of a mass as long and broad as 
that surface, and as deep as its centre, and, consequently, 
equal to half the contents of the vessel. Hence we get the 
remarkable result that, in a cubical vessel, a liquid produces 
a total amount of pressure 3 times as great as its own weight ; 
for if this equal 1, and the pressure upon each of the 4 sides be 
equal to half that upon the base, 4 x £ = 2, and 2 + 1=3. 

169. In any surface which sustains the pressure of a mass 
of fluid, there is a point called the centre of pressure, at which 
the whole pressure of the mass may be conceived to act, and 
to which, if a single sufficient force were applied, the mass of 
fluid would be supported, and the surfafe kept at rest. In 
any vertical surface extending to the top of the fluid, this 
point is at one-third the depth of the fluid from the bottom, 
and at the middle of the breadth of the surface. The deter- 
mination of this point is of the highest importance in all 
works made to resist fluid pressure. 

170. When a number of vessels communicate with each 
other, whatever be their form or size, the same conditions of 
equilibrium apply to the fluid contained in them as to a single 
vessel. In the first place, the surfaces of the fluid in the 
vessels are all level; and, secondly, they are all at the same 
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Thus, on filling the 
Fig. 79. 




level, provided the same fluid be used, 
large vessel a with water, or 
mercury, or any other fluid, it 
will exert a pressure on the 
side tube, near the bottom, equal 
to the area of the tube x by the 
height, x by the density of the 
fluid ; and on opening the stop- 
cock c, this pressure will cause 
the fluid to ascend into the small 
vessel b until it attains the same 
level as in a, when equilibrium 

will be established, because the water in a, as well as the 
water in b, presses upon the same space at c, and both are 
of the same height. 

171. After what has been said, it is scarcely possible for the 
reader to ask a not uncommon question : " If water presses 
equally in all directions, why does not the large mass in a 
cause the small mass in b to overflow ?" r 
A man who was seeking a solution of the 
absurd mechanical problem of perpetual 
motion, once asked himself this very ques- 
tion, and constructed a vessel of the form 
shown in Fig. 80, supposing that the 
large mass of water in the vessel would 

- force the water along the narrow tube and 
raise it to its extremity, where it would 
flow back into the larger division perpetu- 
ally. He was, however, greatly surprised to see the fluid in 
both divisions settle at the same level. 

172. If fluids of different densities, such as water and mer- 
cury, be made to communicate, the height to which they will 
rise in the limbs of a vessel such as a b, Fig. 81, will be re- 
spectively in the inverse ratio of their densities. If the bend 
be first filled with mercury, and water be then poured into a, 
a column of that fluid, 13.6 inches high, will be necessary 



Fig. 80. 
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Fig. 81. to balance 1 inch of mercury in b, mercury being 
13 T % times denser than water. It matters not 
how unequal in bore may be the two branches 
of the tube: if the experiment be repeated in 
such an apparatus as Fig. 79, the result will be 
the same, whether the mercury be in a or in b ; 
the whole height of water will always be 13.6 
times that of the higher mercurial level above the 
lower. This affords an easy illustration of the 
principle of the barometer, for which see " Rudi- 
mentary Pneumatics." 

173. The densities or specific gravities of dif- 
ferent bodies are usually compared with water 
as a standard on what is sometimes called the principle of 
Archimedes^ namely, that when a solid is immersed in a fluid, 
it displaces a quantity of the fluid exactly equal to its own 
bulk. If the quantity of fluid thus displaced be lighter 
than the solid, the solid will sink in the fluid ; if it be of the 
same weight, it will rest indifferently in any part of the fluid ; 
if heavier, it will float in such a manner as to displace only 
as much fluid as may equal its own weight. But confining 
our attention to the first case (of a body that sinks), the body 
thus immersed in the fluid apparently loses a portion of its 
weight exactly equal to that of the fluid displaced, as the 
following experiment will prove. A solid cylinder of copper 
B, Fig. 82, exactly fitting into a hollow cylinder c of the 
same material, are both suspended from an arm of a balance, 
aud brought into equilibrium by weights in the opposite 
scale-pan p. The solid cylinder is allowed to dip into an 
empty glass. On filling up this glass with water, so as com- 
pletely to immerse the solid cylinder, the scale-pan p will 
sink down in consequence of the apparent loss of weight in 
the cylinder s. Now, on filling up the hollow cylinder c 
with water, the balance is restored. The fluid support which 
is given to s is represented by the weight of the water in c 
required to restore the equilibrium of the balance ; and as s 
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exactly fits into c, the bulk 
of water poured into c must 
be exactly equal to that 
displaced by s. And this 
would be true, whatever 
might be the material of s, 
whether gold or cork. If it 
were cork, it would appear 
to lose more than its whole 
weight, or to acquire, when 
immersed, a levity or up- 
ward tendency, which, how- 
ever, is still found to be 
neutralized, and its exact 
weight restored, by filling 
c. It is scarcely necessary 
to observe, that all apparent 
instances of a tendency the reverse of gravity, as in smoke, 
balloons, &c. are only effects of this kind depending on the 
pressure of the surrounding fluid, which must be denser than 
the rising body. 

174. In ascertaining the specific gravity or density of a 
solid denser than water, it is first weighed in air and then in 
water. By subtracting the weight of the substance in water 
from its weight in air, and dividing the latter by the differ- 
ence, the product will be the specific gravity required. For 
example, a piece of gold weighs in air 77 grains, and in water 
73 grains; then 77— 73 = 4; and = 19f The propor- 
tion, therefore, of the weights of equal bulks of the metal and 
the water, is 77 to 4, or 19J to 1. So that gold is 19± times 
heavier than its own bulk of water; and this number is 
called the specific gravity or density of gold. It is obviously 
unimportant how much or how little be taken, — the specific 
gravity will be the same. It is equally unimportant whether 
the standard of comparison be taken as 1 or 1000. It is 
usual, however, to write the value of the standard decimally. 
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thus — 1.000. When, therefore, we say that the specific 
gravity of gold is 19^, or 19.25, we mean that a quantity 
of water weighing 1 is exactly equal in hulk to a mass 
of gold weighing 19£. The specific gravity of cork is only 
0.24 ; that is, the mass of water which any given hulk of 
cork displaces on heing plunged into it, is rather more than 
4 times heavier than the cork. The specific gravities of 
liquids are taken by means of a bottle capable of holding 
exactly 1,000 grains of water at a given temperature (such as 
60° Fahr.). On filling this bottle with proof spirit, it will be 
found to contain only 837 grains ; so that .837 is the specific 
gravity of proof spirit. If the bottle be filled with sulphuric 
acid of commerce, it will weigh about 1845 grains; and hence 
1.845 is said to be the specific gravity of this acid. In taking 
the specific gravities of gases and vapours, atmospheric air is 
the standard. 

175. When a body floats on a fluid, it displaces a quantity 
equal in weight to itself ; when it sinks, it displaces a quantity 
equal in bulk. Hence the conditions of equilibrium in float- 
ing bodies are two: — 1st. That the portion immersed : the 
whole bulk : : the density of the solid : that of the fluid. 
2nd. That the centre of gravity of the solid, and that of the 
fluid displaced, are in the same vertical line. The equili- 
brium, however, may be stable or unstable ; and if stable, the 
body will, on being disturbed, return to its former position 
by a number of oscillations which are isochronous, like those 
of the pendulum ; and their times depend on the position of a 
point called the metacentre, which has the properties of the 
point of suspension in pendulums. When the metacentre 
is lower than the centre of gravity of the whole body, the 
equilibrium is unstable . otherwise it is stable. 



> 
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176. The principles which regulate the motions of fluids are 
considered in the fourth division of Mechanics, called Hydro- 
dynamics, or Hydraulics, This subject is one of great com- 
plexity, on account of the facility with which a fluid mass is 
set in motion by the disturbance of a few only of its particles ; 
and the resulting motions are modified, either in their velocity 
or in their direction, by so many causes, that it is difficult to 
anticipate or explain the various phenomena which arise. 
There are, however, in this science certain fundamental laws 
which go far to generalize the phenomena. 

1 77. The sides of a vessel containing a fluid are subject to 
two opposite forces — one arising from the hydrostatic pressure 
of the fluid, tending to burst the vessel outwards; the other, the 
atmospheric pressure, or that of any other medium surround- 
ing the vessel, tending to burst the vessel inwards. If an 
opening be made in the side or base of the vessel, the liquid 
will flow out, provided the interior pressure be greater than 
the exterior. In the common trick of covering a glass quite 
full of water with a piece of paper, and inverting the glass 
without spilling the water, the atmospheric pressure is 
greater than that of the water, and would continue to be so 
if the glass were 32 feet in depth. If the mouth of the 
glass be small, as in a narrow-necked phial, no paper need 
he used, for, on inverting it, the pressure of the air on the 
mobile but narrow 'surface of the fluid will prevent it from 
flowing out without dividing, which its cohesion prevents it 
from doing. If the neck be enlarged, the air, being so much 
lighter than the water, will force a passage up through it, 
and break up the liquid column. But if an opening be 
made in the top of the vessel, the liquid will flow smoothly, 
as if no air were present ; for the atmospheric pressure, to- 
gether with that of the fluid within, is opposed to the atmo- 
spheric pressure alone without ; and the motion is produced by 
the difference of these pressures, viz. that of the liquid alone. 
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178. In the examples which we are about to consider of 
liquids escaping from an orifice, the flow will result from 
excess of pressure, and not from the breaking up of the 
liquid column. But, in order that results may be comparable, 
it is necessary that the surface of the liquid in the containing 
vessel be maintained at the same height by some contrivance 
which shall add to the vessel the same amount of liquid as 
flows from it. In such case, neglecting all mechanical ob- 
stacles arising from friction and other causes, the flow of 
liquids from orifices in vessels obeys the force of gravitation, 
and their motion becomes accelerated, according to the law 
already noticed for falling bodies (114). The expression of 
this law, known as TorriceUi'e theorem, is, That particles of 
fluid, on escaping from an orifice, possess the same velocity 
as if they had fallen freely in vacuo from a height equal to 
that of the fluid surface above the centre of the orifice. 

179. Now, as we have already seen (112), that ail bodies 
falling from the same height in vacuo, acquire the same 
velocity ; the flow of liquids from an orifice does not depend 
upon their densities, but only on the depth of the orifice 
below the level of the fluid. Mercury and water, for exam- 
ple, flow with the same velocity when they escape by similar 
orifices at the same depth below their levels ; for although the 
pressure of the mercury is 13 J times greater than that of the 
water, it has 13} times as much matter to move. 

180. We have seen (115) that the velocities acquired by 
failing bodies are as the square roots of the heights ; that in 
order to produce a twofold velocity, a fourfold height is neces- 
sary, &c. ; so also in the escape of liquids from an orifice, the 
velocities are as the square roots of the depths of the orifices 
below the surface of the fluid ; so that, if we wish to double 
the velocity of discharge from the same orifice, a fourfold 
depth is required ; to obtain a threefold velocity, a ninefold 
pressure iB necessary, and so on.* 

* Because, in an equal time, thrice as much matter has to be moved 
with thrice as much Telocity. 
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181. When a vessel with vertical sides is allowed to empty 
itself by an orifice in the bottom, the quantities flowing out in 
successive equal intervals are as a diminishing series of odd 
numbers (as 9, 7, 5, 3, 1), or as the spaces described in equal 
intervals by a falling body, taken backward*. 

1 82. In such cases there forms, after a certain time, a hollow 
depression on the surface immediately over the orifice ; this 
increases until it becomes a cone or funnel, the centre or 
lowest point of which is in the orifice, and the liquid flows in 
lines directed towards this centre.* Of course, the issuing 
stream or vein is vertical if the orifice is at the bottom of the 
vessel, or it describes a parabolic curve if the orifice is at the 
side. In either case it moulds itself, as it were, to the form 
of the orifice, and extends to a considerable distance before it 
scatters and divides into drops. Between the mouth of the 
orifice and the point where it begins to divide, the liquid vein 
has a permanent form, and a polished surface ; and notwith- 
standing the rapid motion of the liquid particles which succeed 
each other incessantly, the jet has the appearance of a per- 
fectly motionless rod of glass. At the commencement of its 
course, the vein is of the same diameter as the orifice, but for 
a short distance its diameter grows less, forming what is 
called the vena contracta, or contracted vein of fluid (Fig. 83). 
The reason for this contraction appears to be, that as the 
liquid particles approach the orifice, they converge to a point 
beyond it, so that the liquid column in escaping must neces- 
sarily be narrower or more contracted at the point towards 
which the motion of the liquid converges, than it is either 
before it arrives at that point, or after it has passed it. The 
greatest contraction of this fluid vein is at a distance from the 
orifice equal to half its diameter; the diameter of the con- 

* In this state of the liquid a rotary motion is imparted to it, and 
rapidly increases, because all the particles are approaching the centre ; 
and by virtue of their inertia they tend to maintain the same Telocity 
which they had in a larger circle, so that their angular velocity (or the 
number of revolutions in a given time) is constantly increased. 
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tracted portion being to that of the orifice as 5 : 7. Hence 
g3 tne rea ^ discharge of fluid is only or 

about half of the theoretic discharge, or 




that which would take place if the whole 
orifice transmitted fluid with the velocity of 
a body that had fallen from the surface.* 

183. The division of the vein at a certain 
distance from the orifice is not produced 
only by the presence of the air, it takes 
place in vacuo, and is the result of the 
acceleration due to gravity. The effect of 
this acceleration is best seen in a stream of 
treacle, which tapers downwards, because 
the flow (or quantity passing in a given time) must be equal 
at all points of the stream, so that wherever the velocity is 
greater than at another point, the size (or sectional area) of 
the stream must be diminished in the same proportion. In 
water, however, the cohesion is not of such a kind as to 
admit of this tapering; but each portion, when it has ac- 
quired a certain velocity, tears itself away from the stream, 
forming a drop, and leaving the stream, which has been 
forcibly elongated, to coutract again, till another drop is 
detached. Thus each drop is subject during its fall to cer- 
tain periodic vibrations, by which it alternately elongates 
and contracts. A series of pulsations, also, occurs at the 
orifice, the number of which is in the direct ratio of the 
rapidity of the current, and in the inverse ratio of the dia- 
meter of the orifice; they are often sufficiently rapid to 
produce a distinct musical sound. If a note in unison with 
this be played on a musical instrument at such a distance as 

* It is evident that only those particles which are vertically above the 
centre of the orifice can descend through it iu a straight line. All others 
coming from the sides of the vessel must move in lines more or less in- 
clined. Hence the particles on the outside of the effluent stream are 
retarded, and move more slowly than those in its centre. Hence also 
arises the difference between the mean velocity of the escape and the 
velocity due to gravity (ISO). 
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to be scarcely audible, the aerial pulses thus produced have a 
marked effect on the vein in shortening the limpid part. 

184. When a tube is added to the orifice, the flow is ac- 
celerated if air be present, for the reason explained in " Rudi- 
mentary Pneumatics;" but, in vacuo, no such acceleration 
takes place. The most remarkable and useful result, however, 
of the experiments on the flow of water through pipes, is the 
discovery that it may be accelerated by merely giving par- 
ticular forms to the commencement and termination of the 
pipe, without altering its general capacity. A 4-inch pipe 
(of any length) may be made to deliver considerably more 
water, if its first 3 inches and last yard be enlarged conically, 
than if they were cylindrical like the rest of the pipe. 

185. One of the most intricate subjects to which the laws 
of motion have yet been applied deductively, is that of liquid 
waves. When any portion of a liquid surface is raised above 
or depressed below the rest, we have already seen (162) that 
it will return to the general level, but in so doing it acquires 
a velocity which necessarily carries it beyond the position of 
equilibrium, and thus produces a series of osoillations, which 
are communicated in every direction over the liquid surface, 
each portion receiving its motion from that preceding it, and 
therefore arriving at each phase of its oscillation a little later 
than the preceding portion ; whence arises tho appearance of 
a form travelling along the surface, which form we call a 
wave. Each wave contains, at any one moment, particles in 
all possible stages of their oscillation, some rising, some falling, 
some at the top of their range, some at the bottom ; and the 
distance from any row of particles to the next row that are 
in precisely the same stage of their oscillation, is called the 
breadth of a wave. Now as these oscillations are caused by 
the force of gravity, we may expect some analogy between 
their laws and those of the pendulum, and accordingly, when 
the depth of the liquid is disregarded, or considered as un- 
limited, the wave-breadth (like the pendulum-length) varies 
as the square of the time of oscillation ; so that the time which 
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elapses between the arrival of the crests of two successive 
waves at a fixed point, is as the square root of the distance 
between them, or the distance which either of them travels 
over in the said time ; hence it is easy to see that their ve- 
locity varies inversely as the square root of their breadth. 
For instance, if a certain buoy be observed to rise and fall 
twice as often as another, the waves which pass it must be 
four times as broad as those which pass the other, but as they 
travel over this quadruple distance in only double the time, 
they must evidently move with a double velocity.* When 
the water, however, is so shallow that the waves are affected 
by the form of the bottom, the simplicity of these results gives 
place to an extreme degree of complexity. The use of these 
investigations lies in their application to the tides, which may 
be regarded as waves of moderate height, but enormous breadth 
and velocity, the time of oscillation being half a lunar day, 
and the velocity sometimes 1,000 miles an hour. 

186. To Hydrodynamics belongs, also, the theory of such 
machines for laising water as do not depend on atmospheric 
pressure. Such are the water-screw, invented by Archi- 
medes, the endless chain of buckets, the water-ram, the 
hydraulic belt,t &c ; but perhaps the most ingenious of these 

* The velocity of waves that run in the same or the opposite direction 
with a ship, may be ascertained by means of the log, or any other float- 
ing body, attached to a known length of cord. By noticing the time that 
elapses between the lifting of this body, and that of the ship's stern, by 
the same ware, and adding or subtracting the way made by the ship during 
that interval, we find the time which the wave takes to travel the length of 
the cord. In this way it has been found, that in the open ocean, some 
waves travel at the rate of 80 miles an hour ; the breadth of such waves 
is sometimes a quarter of a mile. The utmost difference of level is found 
by measuring how high above the ship's water-line an eye must be raised 
to have an uninterrupted view of the horizon. No authentic observations 
of this kind give more than 25 feet, even in the greatest storms. 

t This machine, the use of which has been revived within a few years, 
Is one of the most efficient of water elevators, yet the most inexplicable in 
its action. In its ancient form it consisted of a number of hair-ropes, for 
which a band of flannel, or felt, is now substituted, passing over two 
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is the water-ram, by which a stream of water descending a 
small depth is made alternately to open and close a valve, at 
each shutting of which, a portion of the water is driven up 
another tube, to a level considerably higher than that from 
which it originally descended, and is then retained there by a 
valve. 

187. To this science also belongs the application of the 
power of streams and waterfalls to useful purposes. The chief 
means of effecting this, are, the undershot wheel, the overshot 
wheel, the breast wheel, the horizontal water-wheel, the 
hydraulic engine, the Tourbine, and Barker's mill. The 
first two are too well known to require a description, but we 
may observe, that the overshot wheel is always the most 
advantageous where the height of the fall is sufficient to admit 
of its use. The smallest rill may be applied in this manner, 
but the undershot wheel requires a considerable body of water. 
The breast wheel unites, in some measure, the advantages of 
both, and is applicable to falls of a medium height, as it 
requires only a fall equal to its radius, and not to its diame- 
ter, as is the case with the overshot wheel. This wheel is 
formed with plain floats, but the water enters at the level of 
its axle, and descends round one quadrant of its circumference, 
which is enclosed for this purpose in a sort of box of masonry. 
The horizontal water-wheel is used in some parts of France, 
and is the most applicable to a small fall, and a small quantity 
of water. Its floats are set diagonally, and may receive the 
water at one or at several points of its circumference at once. ' 
In the hydraulic engine, the pressure of a column of water 
is applied as the motive power, by means of a piston and 
cylinder, like those of the steam-engine. The Tourbine has 
been principally used in France, in cases where the fall of 

roller*, one at the top, and the other at the bottom of the well. By means 
of the upper roller, it ii aet in very rapid motion, when the water adheres 
to its surface in a layer which is thicker the more rapidly it moves, and 
becomes nearly half an inch thick when the velocity is 1,000 feet per 
minute. It follows the band to any height, and is thrown off by centri- 
fugal force, in taming over the upper roller. 
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WATER-WHEELS. 



water is very considerable. Barker's mill acts on a different 
principle from any of these, and has not yet been applied on 
a large scale, though experiments made on models have 
shown it to be the least wasteful of all modes of applying the 
power of a waterfall. It consists of an upright tube, from 
the lower end of which proceed two horizontal branches 
closed at their ends, and giving the whole the form of an 
inverted x* This apparatus is moveable on a vertical axis, 
and water is admitted at the top through a funnel ; of course, 
this will produce no motion, because the pressures against 
all parts of the interior balance each other: but suppose a 
hole to be made in one 6ide of one of the horizontal arms, 
the water flows out, and the pressure on that surface which 
the hole occupies is removed. Hence the pressure on the 
opposite side of the tube is unbalanced, and causes it to 
recede in the direction contrary to that of the issuing stream. 
A similar hole in the other arm doubles the effect. 

1 88. In all water-wheels it is a constant rule that the greatest 
mechanical effect will be produced when the velocity of the 
parts driven is just half that of the steam driving them; 
and this is a most important principle, applicable also to the 
sails of windmills, and ships, and the paddles of steamers. 
It is obvious that the pressure of the wind or water on any 
of these bodies diminishes as their velocity approaches that of 
the current, so that if it were possible for a water-wheel to 
revolve with exactly the velocity of the stream, there would 
be no pressure on its floats, and, consequently, no .power to 
drive any other machinery. On the other hand, the pressure 
is at a maximum when the wheel is standing still, but then 
having no velocity, it is also powerless. As the power then 
is proportional to the product of the pressure and velocity, 
it is greatest when they have each their mean value, that is, 
in the exact medium between these two states, — rest and 
motion with the current, — in other words, it is greatest when 
the velocity is half that of the current. j 

» 

i 

* ' 

i 
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17 Air furnace for heating plates and angle iron ; 

vanoua tools used in meting and plating. 
13 G unto ale, keel, and flooriug; plan for sheathing 
iron ships with copper. 

19 Illustrations of the magnetic condition of various 

iron ships. 

20 Gray's floating compass and binnacle, with ad- 



justing magnets. 
21 Co 



orroded iron bolt in frame of wooden ship; 
caulking joints of plates. 

22 Great Eastern. — Longitudinal sections and 

breadth plans. 

23 Great Eastern,. — Midship section, with details. 

24 Great Eastern.— Section in engine room, and 



READY RECKONER, INCLUDING FRACTIONAL PARTS OF A FOUND 

WEIGHT. 

24?iio, It. &d. cloth, or 2s. strongly bound in leather, 

THE INSTANT RECKONER. 

Showing the Value of any Quantity of Goods, including Fractional Parts of a Pound 
Weight, at any price from One Farthing to Twenty Shillings : with an Introduction, 
embracing copious Notes of Coins, "Weights, Measures, and other Commercial and 
Useful Information ; and an Appendix, containing Tables of Interest, Salaries, Com- 
mission, &c. 

♦ 

SIMMS ON LEVELLING. 

Fourth Edition, with 7 plates and numerous uomcuts, 8vo, 8s. 6d., cloth, 

A TREATISE ON THE PRINCIPLES AND 
PRACTICE OP LEVELLING, 

Showing its application to purposes of Railway and Civil Engineering, in the 
Construction of Roads, with Mr. Telford's Rules for the same. 

By FREDERICK W. SIMMS, F.G.S., M. Inst. C.E. 

Fourth Edition, with the addition of Mr. Law's Practical Examples for setting out 
Railway Curves, and Mr. Trautwine's Field Practice of Laying out Circular Curves. 

Digitized by Google 



WORKS PUBLISHED BY LOCKWOOD & CO. 



7 



HOST USEFUL WORK FOR COUNTRY 

LAND AGENTS, &c. 

New Edition, with Additions and Corrections, price is., strongly bound, 

THE LAND VALUER'S BEST ASSISTANT. 

Being Tables, on a very much improved Plan, for Calculating the Value of Estates. 
To which are added, Tables for reducing Scotch, Irish, and Provincial Customary Acres 
to Statute Measure ; also, Tables of Square Measure, and of the various Dimensions of 
an Acre in Perches and Yards, by which the Contents of any Plot of Ground may be 
ascertained without the expense of a regular Survey, Miscellaneous Information on 
English and Foreign Measures, Specific Gravities, &c. 

By R. HUDSOtf, Civil Engineer. 



"This new edition include* tables for ascertain- 
ing the value of leases for any term of years; and 
for showing how to lay out plots of ground of 
certain acres in forma, square, round, &c, with 



valuable rules for ascertaining th** probablo worth 
ot standing limber to any amount : and is of incal- 
culable value to the country £f utlcuian and profes- 
sional man."— Fai mtr*» Journal, 



INWOOD'S TABLES. 

TABLES for the PURCHASING OF ESTATES, 

Freehold, Copyhold, or Leasehold, Annuities, Advowsons, &c, and for the renewing 
of leases held under cathedral churches, colleges, or other corporate bodies, for terms 
of years certain, and for lives ; also, for valuing reversionary estates, deferred 
annuities, next presentations, &c, the Five Tables of compound interest, the Govern- 
ment Table of Annuities, and an extension of Smakt's Tables. 

By WILLIAM INWOOD, Architect. 

The Seventeenth Edition, with considerable additions, and new and valuable Tables of 
Logarithms for the more difiicult computations of the Interest of Money, Discount, 
Annuities, &c, by Mons. Fijdor Thoman, of the Societe Credit Mobilier, Paris. 



NORMANDY'S COMMERCIAL HANDBOOK. 

In post Svo, illustrated with woodcuts, price 12a. 6tZ., handsomely bound in cfo'A, 

THE 

COMMERCIAL HANDBOOK OF CHEMICAL 

ANALYSIS ; 

Or, Practical Instructions for the Determination of the Intrinsic or Commercial Value 
of Substances used in Manufactures, in Trades, and in the Arts. 

By A. NORMANDY, 
Author of " Practical Introduction to Rose's Chemistry," and Editor of Rose's 

11 Treatise of Chemical Analysis." 

of 



this book to the careful perusal , and deeper knowledge of the enticing 
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our readers as a guide, alike indispensable to the 
hou>ewile as to the pharmaceutical practitioner."— 
Medical Times. « 

" A truly practical work. To place the unscien- 
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; Journal. 
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laws by which this mysterious force is regulsted, 
which is the intention of the author, is an impor- 
tant lMk."—Jthen*um. 

" Dr. No&d's Manual, in tome departments of 
which he has had the counsel and assistance of Mr. 
Faraday, Sir William Snow Harris, Professor Tyn- 
dnll, and others, Riving an additional sanction and 
interact to his work, is more than ever worthy of 
being received with favour by students and men of 
science. The style in wh'ch it is written is very 
exact and clear." — Literary Gazette. 

" Dr. Noad's ' Manual of Electricity' has for seve- 
ral years ranked as one of the best popular treatises 
on this subject. By an excellent met hod of arrange- 
ment, and a clear and agreeable style, he introduces 
the student to a sound elementary knowledge of 
every department of electrical science." — Atlat. 

"This is a work of great merit, and is creditable 
to the scientific attainments and philosophical re- 
search of the author. Too much praise cannot be 
bestowed on the patient labour and unwearied 
application which were necessary to produce a 
work of such absorbing interest to the whole 



trading and commercial community .* — Educational 
Gaxette. 

"On the subject of electricity, it is a service 
second only to discovery, when one competent for 
the ask undertckes to sift and reconstruct the old 
materials, and to bring together and incorporate 
them with all that is important in the new. Such 
a service Dr. Noad has performed in his 'Manual 
of Electricity."'— Chamber? Journal. 

"As a work of reference, this 1 Manual' is particu- 
larly valuable, as the author has carefully recorded 
not only his au*koritie$, but, when necessary, the 
words in which the writers have detailed their ex- 
periments and opinions."— M ecka nice' Magazine. 

" Among the numerous writers on the attractive 
and fascinating subject of electricity, the author of 
the present volume has oceupled our best atten- 
tion. It is worthy of a place iu the library of 
every public institution, and we have no doubt it 
will be deservedly patronised by the scientific com- 
munity."— Mining Journal. 

"The commendations already bestowed in the 
pages of the Lancet on former editions of this work 
are more than ever merited by the present. The 
accouuts given of electricity and galvanism are not 
only complete in a scientific sense, but, which is a 
rarer thing, are popular and interesting."— r — —* 



TEEDGOLD ON THE STRENGTH OP IRON, Ac. 

Fourth Edition, in Two Vols., Svo, 11. 4*., boards (either Volume may be had separately), 

A PRACTICAL ESSAY ON THE STRENGTH 
OF CAST IRON AND OTHER METALS ; 

Intended for the assistance of Engineers, Iron-Masters, Millwrights, Architects, 
Founders, Smiths, and others engaged in the construction of machines, buildings, 
&c. ; containing Practical Rules, Tables, and examples founded on a series of new 
experiments ; with an extensive table of the properties of materials. 

By THOMAS TREDGOLD, Mem. Inst. C.E., 

Author of " Elementary Principles of Carpentry," " History of the Steam Engine," 
&c. Illustrated by several engravings and woodcuts. Fourth Edition, much 
improved and enlarged. By Eaton Hougkinson, F.R.S. 

♦ 

HODGKINSON'S RESEARCHES ON IRON. 

*** Vol. II. of the above consists of EXPERIMENTAL RESEARCHES on the 
STRENGTH and OTHER PROPERTIES of CAST IRON : with the development of 
new principles ; calculations deduced from them ; and inquiries applicable to rigid 
and tenacious bodies generally. By Eaton Hodgkinson, F.R.S. With Plates and 
Diagrams, 8vo, 12*. boards. 
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ROGERS ON IRON METALLURGY. 

With 20 carefully-}irepared copper-plate*. One Vol., 8vo, 11. 5s., clotfu 

AN ELEMENTARY TREATISE ON IRON 

METALLURGY, 

Up to the Manufacture of Puddle liars, built upon the Atomic System of Philosophy ; 
the elements operated upon being estimated according to Dr. Wollaston's Hydrogen 
Scale of Equivalents ; comprising suggestions relative to important Improvements in 
the Manufacture of both Iron and Steel, and the conduct of Extensive Iron Works ; 
w.th Analytical Tables of Iron-making Materials. 

By SAMUEL B. ROGERS, of Nant-y-Glo, 
Iuventor of Iron-Bottoms to Puddling-Furnaces, and of the present system of pre- 
paring Coke, in Double or Single Ovens. 



"I Jo not hcMtate to say that Mr. Rogers's work 
oa Iron Metallurgy is, beyond comparison, the 
Ki >st complete combination of science and sound 
practice that has yet appeared on iron."— Larid 
Mushrt. 

" A volume wbich onght to be at hand in every 
Iron Works in the kingdom, and in the possession 

of every Ironmaster." — Wolverhampton Chronicle. J on which he writes the business and Study of his 
" Mr. Rogers does not come before the public as ' life."- Staffordshire Advertiser. 



an untried theorist, for one of his inventions has 
been adopted generally throughout the Iron Manu- 
factories of the world, and with immense advantage 
to Ironmasters."— Bristol Timet. 

"A remarkable book. Its author is, evidently, 
a man of practical experience, and of no mean 
scientific attainments, who has made the question 



♦ 

PYNE'S RULES FOE DRAWING. 

In -ito, icith 14 platen in half cloth boards, 7s. 6d. 

PRACTICAL RULES ON DRAWING, 

FOR THE OPERATIVE BUILDER AND YOUNG STUDENT IN 

ARCHITECTURE. 

Br GEORGE PYNE, 
Author of 41 A Rudimentary Treatise on Perspective for Beginners." 

COMBKTS. 

1 Practical Rales on Drawmjr,— Outlines. 4 Practical Rules on Light and Shade 

2 Ditto,— the Grecian and Roman Orders. 5 Practical Rules on Colour. 

3 Practical Rules ou D raw tog,— Perspective. | &c. &c. 



DOBSON and G ARBEIT'S STUDENTS GUIDE. 

In One Vol., 8vo, extra cloth, 0s. 

THE STUDENT'S GUIDE 

TO THE PRACTICE OF DESIGNING, MEASURING, AND VALUING 

ARTIFICERS' WORKS; 

Containing directions for taking Dimensions, abstracting the same, and bringing the 
Quantities into Bill; with Tables of Constants, and copious memoranda for the 
Valuation of Labour and Materials in the respective trades of Bricklayer and Slater, 
Carpenter and Joiner, Sawyer, Stonemason, Plasterer, Smith and Ironmonger, 
Plumber, Painter and Glazier, Paper-hanger. With 43 plates and woodcuts. The 
Measuring, Sec, 

Edited by EDWARD DOBSON, Architect and Surveyor, 

Second Edition, with the Additions on Designs 

By E. LACY GARBETT, Architect ; 

Together with Tables for Squaring and Cubing. 
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> 

COTTAGES, VILLAS, AND COUNTRY HOUSES. 

In ito, 67 Plates, Ills, cloth, 

DESIGNS AND EXAMPLES OF COTTAGES, 
VILLAS, AND COUNTRY HOUSES. 

Being the Studies of Eminent Architects and Builders, consisting of plans, elevations, 
and perspective views ; with approximate estimates of the cost of each. 



HYDE'S TEXT BOOK FOR ARCHITECTS, ENGINEERS, SURVEYORS, &c. 

In One large thick Vol. $vo, with numerous engravings, 11. Ss. 

A GENERAL TEXT BOOK, 

For the constant Use and Reference of Architects, Engineers, Surveyors, Solicitors, 
Auctioneers, Land Agents, and Stewards, in all their several and varied professional 
occupations ; and for the assistance and guidance of country gentlemen and others 
engaged in the Transfer, Management, or Improvement of Landed Property, con- 
taining Theorems, Formula?, Rules, and Tables in Geometry, Mensuration, and 
Trigonometry ; Land Measuring, Surveying, and Levelling ; Railway and Iiydraulic 
Engineering ; Timber Measuring ; the Valuation of Artificers' Work, Estates, Lease- 
holds, Lifeholds, Annuities, Tillages, Farming Stock, and Tenant Right ; the Assess- 
ment of Parishes, Railways, Gas and Water Works ; the Law of Dilapidations and 
Nuisances, Appraisements and Auctions, Landlord and Tenant, Agreements, and 
Together with Examples of Villas and Country Houses. 

By EDWARD RYDE, Civil Engineer and Land Surveyor, 
Author of several Professional Works. 

To which are added several Chapters on Agriculture and Landed Property, 

By Professor Doxaldson, 
Author of several Works on Agriculture. 

CONTENTS. 



Chapter I. Arithmetic-Chap. II. Plane and So- 
lid Geometry.— Chap. 111. Mensural ion.— Chap. 1 V. 
Trigonometry.— Chap. V. Conic Sections.— Chr.p. 
VI." Land Measuring.— Chap. VII. Land Surveying. 
-Chap. VIII. Levelling.- Chap. IX. Plotting.- 
Chap. X. Computation of Areas— Chap. XI. Copy- 
ing Maps.— Chap. XII. Railway Surveying.— Cbap. 
XIII. Colonial Surveying.— Chap. XIV. Hydrau- 
lics in connection with Drainage, Sewerage, and 
Water Supply. — Chap. XV. Timber Measuring. — 
Chap. XYI. Artificers' work.— Chap. XVII. Valua- 



tion of Estates— Chap. XVIII. Valuation of Til- 
lage and Tenant Kis"t.— Chap. XIX. Valuation oi 
Parishes.- Chap. XX. UuilJer's Pncca.— Cliap.XX I. 
Dilapidations mid Nuisances.— Chap. XXll. Ti.e 
Law relating to Appraisers and Auctioneers.— Chap. 
XXIII. Landlord and Tenant.- Chap. XXIV. 'l.i- 
hles.— Chap. XXV. Stamp Laws.— Examples of Yii- 

APPENDIX ON LANDED PROPERTY, by 
Pbovbsbob Doksldsos, in Eight Chapters. 



WHEELER'S AUCTIONEERS', &c., ASSISTANT. 

2imo, cloth boards, 2s. 6d. 

THE APPRAISER, AUCTIONEER, AND 
HOUSE-AGENT'S POCKET ASSISTANT, 

For the valuation, purchase, and the renewing of Leases, Annuities, Reversions, 
and of Property generally ; prices for inventories, with a Guide to determine the value 
;»f the interiors, fittings, furniture, &c. 

By JOHN WHEELER, Valuer. 

* 
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TEMPLETON'S WORKSHOP COMPANION. SIXTH EDITION. 

In 12mo, price 5s., bound and lettered, 

THE OPERATIVE MECHANIC'S WORKSHOP 

COMPANION, 

And THE SCIENTIFIC GENTLEMAN'S PRACTICAL ASSISTANT; comprising: a 
great variety of the most useful Rules in Mechanical Science, divested of mathema- 
tical complexity ; with numerous Tables of Practical Data and Calculated Results, for 
facilitating Mechanical and Commercial Transactions. 

By W. TEMPLETON, 
Author of " The Engineer's Common-Place Book," &c. &c. 

Sixth edition, with eleven plates and the addition of Mechanical Tables for the use of 
Operative Smiths, Millwrights, Engineers, &c, and practical directions for the 
Smelting of Metallic Ores. To which also have been now added several useful and 
practical Rule3 in Hydraulics and Hydrodynamics, and an account of Dundas's Steam 
Hammer. 

CONTENTS. 

Geometry—Geometry applied to Mechanics— Dc- Motion— Friction— Properties of Water and Air— 
cimal Arithmetic —Mensuration — Instrumental Steam Entjiue Boilers— Dundas's Steam Hammer 
Arithmetic— Commercial Tables- Strength of Ma- —Logarithms, 
terials -Mechanic Power* — Coutiuuoua Circular 

* 

THE BEST BUILDER'S PRICE BOOK 

Fourth Edition, in 12 mo, cloth boards* Uttered, 4*., 

WE ALE'S BUILDER'S AND CONTRACTOR'S 

PRICE BOOK. 

Published Annually. Containing the latest prices for work in all branches of the 
Building Trade, with items numbered for easy reference ; and an Appendix of Tables, 
Notes, and Memoranda, arranged to afford detailed information commonly required 
in preparing Estimates, &c, for Builders and Contractors of Public Works. 

• 



WIGHTWICX'S HINTS. 

With numerous Woodcuts. In Svo, extra cloth, top edges gilt, 8.1., 

HINTS TO YOUNG ARCHITECTS. 

Comprising Advice to those who, while yet at school, arc destined to the profession ; 
to such as, having passed their pupilage, arc about to travel ; and to those who, having 
completed their education, are about to practice : together with a Model Specification ; 
involving a great variety of instructive and suggestive matter, calculated to facilitate 
their practical operations ; and to direct them in their conduct as the responsible 
agents of their employers, and as the rightful judges of a contractor's duty. 

By GEORGE WIGHTWICK, Architect, 
Author of "The Palace of Architecture," &c, &c. 

CONTESTS. 



Preliminary hints to young ar 
chitects on the knowledge of 
drawing 

On serving his time 

On travelling 

His plate on the door 

Orders, plan-drawing 

On his taste, study of interiors 

Interior arrangements 

"Wanning and Ventilating 

Housebuilding, stabling 

Cottages and villas 

Model Specification 



General Clauses 
Foundations 
Well 

Artificial Fo 
Brickwork 

Rubble masonry with brick 

mingled 
Stone-cutting 

„ Grecian or Italian only 

H Gotbic only 
Miscellaneous 
Slating 
Tiling 



Plaster and cement work 

Carpenters* work 

Joiners' work 

Iron and metal work 

Plumbers' work 

Drainage 

Well-digging 

Artificial levels, concrete, foun- 
dations, piling and planking, 
paving, vaulting, bell-hanging, 
plumbing, and building gene- 
rally. 
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TREDGOLD'S CARPENTRY. FOURTH EDITION. 

In One large Vol. 4to., 21. 2s., in extra cloth. 

THE ELEMENTARY PRINCIPLES OP 

CARPENTRY ; 

A Treatise on the pressure and equilibrium of timber framing, the resistance of 
timber, and the construction of floors, arches, bridges, roofs, uniting iron and stone 
•with timber, &c, with practical rules and examples ; to which is added, an essay on 
the nature and properties of timber, including the method of seasoning, and the 
causes and prevention of decay, with descriptions of the kinds of wood used in 
building ; also numerous tables of the scantlings of timber for different purposes, 
the specific gravities of materials, &c. 

By THOMAS TREDGOLD, Civil Engineer. 

Illustrated by fifty-three Engravings, a portrait of the author, and several "Woodcuts. 
Fourth Edition, corrected and considerably enlarged. With an Appendix, containing 
specimens of various ancient and modern roofs. 

Edited by Peter Bablow, F.R.S. 



1 Equilibrium and pressure of 

beams. 

2 Pressure of beams and centre 

of gravity 

3 Equilibrium and pressure of 

beams and framing 

4 N Riled flooring 
6 to 9 Roofs 

10 Roofs tbat have been erected 

11 Hoof of the riding-bouse at 

12 Domes [Moscow 

13 Partitions and centre 

14 Centres for stone bridges; 

centre used for the bridge at 
Neuilly; for the Waterloo 
Bridge, and Conon Bridge 

15 Centres for stone bridges 

16 Bridges 

17 Ditto, double plate 

18 Construction of bridges 

19 Bridges, double plate 

20 Bridges and joints 

21 Joints 

22 Joints and straps 

23 Roof and construction of the 

Pantheon, Oxford Steet 

24 Ditto 

26 Section of Roof of Hall, Park- 
hurst Prison 
26 Section of roof of New Saloon, 



CONTENTS OF PLATES. 

27 Longitudinal section of ditto 

28 Truss of the roof or the Ducal 

riding house, Modens, double 
plate 

29 Truncated roof of ditto 

30 Trass of roof of ditto. 

31 Section of the roof over the 

Exchange, Geneva, double 

32 Foot of truss of roof over the 

new theatre at Ancona, 
ditto, Palazxo Vecchio, 
Florence; ditto, Cathedral, 
Florence, double. 

33 Roofs of the Cathedral at 

Leghorn, double 

34 Details of roof of Christ's 

Hospital, ditto 

35 Ditto 

36 Longitudinal section of St. 

Dunstan's Church, Fleet 
Street, double 

37 Roof and plan of ditto, ditto 

38 Details of ditto, ditto 

39 Truss at the Thames Plate 

Glass Works; truss at the 
Princess's Theatre, Oxford 
Street ; truss at a house in 
Berkeley Square 
Roof of iron and timber at 
Nottingham Water Works, 
treble plate 



40 



41 Ca't-iron roof over the model- 

room of the Butterley Com- 
pany, treble 

42 Cast-iron roof over the smith- 

cry of the ditto, ditto 

43 Iron and timber roof over 

the engine manufactory of 
the ditto, ditto 

44 Roof to King's College Cha- 

pel, Cambridge, ditto 

45 Ditto, transverse section 

46 Details, ditto 

47 Details, ditto 

43 Section of roof Great Northern 
Railway, London Terminus, 
Passenger Station 

49 Sections and details of ditto 

60 Great Northern Railway, Lon- 

don Terminus, Goods' Sta- 
tion, transverse section 

61 Iron Roof made for the Clyde 

Trustees for the Quay at 
Glasgow, with details 

62 Details of iron roof erected for 

Messrs. Joseph Whitworth & 
Co., Manchester 

63 Details. &c, of an iron roof, 

erected at the Galway Tertni- 



HANDY BOOK FOR ACTUARIES, BANKERS, INSURANCE OFFICES, 
AND COMMERCIAL MEN IN GENERAL. 

In 12wio, clotJ*, price 5s. 

THEORY OF COMPOUND INTEREST AND 

ANNUITIES, ' 

With TABLES of LOGARITHMS for the more difficult computations of Interest, 
Discount, Annuities, &c, in all their applications and uses for Mercantile and State 
purposes, with a full and elaborate introduction. 

By FED0R THOMAN, of the Soci6te* Credit Mobilier, Paris. 



** A very powerful work, and the Author has a 
Tcry remarkable command of his subject."— Pro- 
JettoT A. it Morgan. 

"No banker, merchant, tradesman, or man of 
business ought to be without Mr. Thoman'a truly 
• handy-book.' " 



"The author of this 'handy-book' deserves onr 
thanks for his successful attempt to extend the 
use of logarithms." — Insurance Gatette. 

" We recommend it to the notice of 
aud accountants."— Atherueum. 
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WEALE'S ENGINEER'S 



BOOK. 



With 8 copper plates, and numerous woodcuts, in roan tuck, 6s. 

THE ENGINEER'S, ARCHITECT'S, AND 
CONTRACTOR'S POCKET BOOK. 

Published annually. With Diabt of Events and Data connected with Engineering, 
Architecture, and the kindred Sciences, professionally and otherwise revised. 



Alloys. Almarack 
Ballasting. Barlow 
Barrel Drains 

Bessemer on the Manufacture of 

Iron and Steel 
Boilers and Engines (Proportions 

Boilers, Furnaces, and Ciiiinneys 
Calendar 

Carpentry and Joinery 

Cask and Malt Gauging 

Castings, sundry for Sewers, Gas- 
works, &c. 

Cast-iron Columns and Girders 

Chairs for Railways 

Chimneys, dimensions of 

Ciicumference of Circles 

Circular Arcs (Tables of) 

Circle, Cylinder, Sphere. &c . 

Coal Experiments; Economic 
Values of Coals 

Coking (evaporative Powere of 
Coal, and Results of) 

Columns. Posts, &c. . _ 

Copper Mines (Synopsis of) in 
Devon and Cornwall 

Cornwall Pumping-Eiigines 

Current Coins 

Du Buat 

Earthwork 

East London Waterworks 
Eclipses 

Elastic Properties of Steam 
Ellipses, Cones, Frustrums, &c. 
Ephemeridcs of the Planets 
Fairbairu on the Mei hanical Pro- 
perties of M etnls ; on the tensile 
strength of Wrought Iron at 
various temperatures: Tubular 
Girder Bridges; Notes on 
Toughened Cast-iron : cn the 
Resistance of Tubes to Collapse 
Flooring 

French and English Scales 
Friction 

Fuel on the American Railways 

and on English Railways 
Gas ~ 



CONTENTS FOB 1860. 

Gauges (List of) and Weights of 
Galvanized Tinned Iron Sheets 
Girders (Cast-iron) 
Ilawksley 
Heat (Effects of) 
H igh Water at London Bridge 
Howard 
Hydraulics 
Hydrodynamics 

Institution of Civil Engineers 

(List of Members of) 
Institute of British Architect! 

(List of Members of) 
Irou Bar 

boa 

Roofs 

Knot Tables 

Latitudes and Longitudes [&c. 

Log. of Sines, Cosines, Tangents, 

Marine Engines 

Marine Screw Propulsion 

Marisiier 

Masonry 

Mensuration (Epitome of) 
Morin's Experiments on Friction ; 

on Ropes 
Natural Sines, &c. 
Neville, on Retaining Walls 
Notes to accompany the Abbre- 
viated Table of Natural Sines 
Peninsular and Oriental Steam 
Fleet 

Probin [and Boilers 

Proportions of Marine Engines 
Proportional Sites and Weights 

oi Hexagon-heads and Nails for 

Bolts 

Pumping Water by Steam Power 
Rails 

Reunie (G.) ; Messrs. Reunie 

Roofs 

Ropes, Experiments of 
Sewers 

Sleepers for Railways 
Smith's Sewer. Sound 
Specific Gravity of Gases 
Square, Rectangle, Cube, &c 



Strength of Columns 
Strength of Materials of Con- 
struction 
Strength of Rolled T-Iron 
Stone, Preservation of 
Stones 

Tables of the Weight of Iron 

Castings for Timber Roofs 
of the Properties of Differ- 
ent Kinds of Timber _ „ 

of the Weights of Rails 

and Chairs 

of the Weight, Pressure, 

&c. oi Materials, Cast-Iron. &c. 
of Weights of Copper, Tin- 
Plates, Copper-Pipes, Cocks for 
Coppers, Leaden Pipes 

for the I) iameter of a W heel 

of a Given Pitch 
■ of the Weights of a Lineal 
Foot of Flat Bar- Iron, of a 
Superficial Foot of Various Me- 
tals &c. 

of the Weight of a 



Foot of Cast-iron Pipes 

of the Diameter of Solid or 



Cylinder of Cast-Iron, &c. 
of the Diameter and Thick- 
ness of Metal of Hollow Co- 
lumns of Cast-Iron 

of Cast-Iron Stanchion* 

of Strength of Cast-iron 

Bars 

of the Values 

of Weights 

of Natural Sines 



Teeth of Wheels 
Telford's Memorandum Book 
Thermometers 

Timber for Carpentry and Joinery 

Tredgold s Rule 

Waterworks 

Weights of Copper, Brass, Steel, 

Hoop-Iron, Ac. 
Weights and Measures 
Weights of Rails 
Wickstead 
Wooda 



ME. WEALE'S SEEIES OF 

RUDIMENTARY, SCIENTIFIC, EDUCATIONAL, 
AND CLASSICAL WORKS, 

At prices varying from Is. to 2s. 6d. 
Lists may he had on application to Messrs. Lockwood & Co. 

%* This excellent and extraordinarily cheap series of books, now comprising 
upwards of 150 different works, in almost every department of Science, 
Art, and Education, is strorfgly recommended to the notice of Mechanics' 
Institutions, Literary and Scientific Associations, Free Libraries, Colleges, 
Schools and Students generally, and also to Merchants, Shippers, &c. 
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CATALOGUE 

OF 

RUDIMENTARY, SCIENTIFIC, EDUCATIONAL, AND 

CLASSICAL WORKS 

- 

COLLEGES, HIGH AND OKDINAEY SCHOOLS, 
AND SELF-INSTEUCTION. 

ALSO FOR 

MECHANICS' INSTITUTIONS, FREE LIBRARIES, &c, &c. 



ME. WEALE'S 
SERIES OF RUDIMENTARY WORKS 

FOB THE USE OF BEGINNERS. 

LONDON : JOHN WEALE, 59, HIGH HOLBORN. 
WHOLESALE AGENTS, LOCKWOOD & CO., 7, STATIONERS' HALL COURT, E.C. 

The several Series are amply illustrated, in demy 12mo., each neatly bound in 
cloth ; and, for the convenience of purchasers, the subjects are published separately 
at the following prices : 

1 . Chemistry, by Prof. Fownes, F.R.S., including Agricultural Chemistry, 

for the use of Farmers Is. 

2. Natural Philosophy, by Charles Tomlinson Is 

3. Geology, by Major-Gen. Portlock, F.R.S., &c. . . . Is. 6d. 

4. 5. Mineralogy, with Mr. Dana's additions, 2 yoIs. in 1 . . . 2s. 

6. Mechanics, by Charles Tomlinson 1*. 

7. Electricity, by Sir William Snow Harris, F.R.6. . . . 1j. 6d. 

7. * On Galvanism ; Animal and Voltaic Electricity ; Treatise on 
the General Principles of Galvanic Science, by Sir "W. Snow Harris, I .R.S. 1*. 6W. 

8, 9, 10. Magnetism, Concise Exposition of, by the same, 3 vols, in 1. 3s. 6d. 

11, 11* Electric Telegraph, History of the, by E. Highton, C.E. . . 2s. 

12, Pneumatics, by Charles Tomlinson 1*. 

13, 14, 15, 15 * Civil Engineering, by Henry Law, C.E., 3 vols. ; and 

Supplement by G. R. Burnell, C.E., in 1 vol. . • .4s. 6J. 
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16. Architecture, Orders of, by W. H. Leeds 1*. 

17. Architecture, Styles of, by T. Bury, Architect . . . . Is. Qd. 

18. 19. Architecture, Principles of Design in, by E. L. Garbctt, 2 vols, in 1 : 2*. 
20, 21. Perspective, by G. Pyne, 2 vols in 1 . . . . . . 2s. 

22. Building, Art of, by E. Dobson, C.E Is, 

23, 24. Brick-Making, Tile-Making, &c, Art of, by the same, 2 vols. 

in 1 2s. 

25, 26. Masonry and Stone-cutting, Art of, by the same, with illustra- 
tions of the preceding, 2 vols, in 1, by the same . . . . 2*. 

27, 28. Painting, Art of, or a Grammar of Colouring, by George Field, 

2 vols, in 1 2s. 

29. Draining Districts and Lands, Art of, by G. D. Dempscy, C.E. Is. 

30. Draining and Sewage of Towns and Buildings, Art of, by the 

same . Is. 6d. 

31. Well-sinking and Boring, Art of, by G. R. Burnell, C.E. . . 1*. 

32. Use of Instruments, Art of the, by J. F. Heather, M.A. . . . 1*. 

33. Constructing Cranes, Art of, by J. Glynn, F.R.S., C.E. . . 1*. 

34. Steam Engine, Treatise on the, by Dr. Lardner 1*. 

35. Blasting Rocks and Quarrying, and on Stone, Art of, by Lieut. - 

Gen. Sir J. Burgojne, Bart., G.C.B., R.E Is. 

36. 37, 33, 39. Dictionary of Terms used by Architects," Builders, Civil 

and Mechanical Engineers, Surveyors, Artists, Ship-builders, &c, 

4 vols, in 1 45. 

40. Glass Staining, Art of, by Dr. M. A. Gessert . . . . ,1*. 

41. Painting on Glass, Essay on, by E. 0. Fromberg . . . . Is. 

42. Cottage Building, Treatise on . 1 Is. 

43. Tubular and Girder Bridges, and others, Treatise on, more particu- 

larly describing the Britannia and Conway Bridges . , . . 1*. 

44. Foundations, &c , Treatise on, by E. Dobson, C.E Is. 

45. Ldmes, Cements, Mortars, Concrete, Mastics, &c, by G. R. 
Burnell, C.E 1*. 



46. Constructing and Repairing Common Roads, by H. Law, C.E. . Is. 

47, 48, 49. Construction and Illumination of Lighthouses, by Alan 

Stevenson, C.E., 3 vols, in 1 . 3s. 

59. Law of Contracts for Works and Services, by David Gibbons . Is. 

51, 52, 53. Naval Architecture, Principles of the Science, by J. Pcakc, 

N.A., 3 vols, in 1 3s. 

53*. Laying off Ships, being an introduction to the Mould Loft of Ship 

Building, by James Peake, N.A. in the press . . Is. 6^. 

53**. Atlas of large Plates to ditto ditto Is. 6^. 

54. Masting, Mast- making, and Rigging of Ships, by R. Kipping, 

N.A Is. 6d. 

54*. Iron Ship Building, by John Grantham, N.A. and C.E. . 2s. 6d. 

55,56. Navigation, Treatise on; The Sailor's Sea-book. — How to 
keep the Log and work it off— Latitude and'Congitude — Great Circle 
Sailing— Law of Storms and Variable Winds ; and an explanation 
of Terms used, with coloured illustrations of Flags . . . 2s. 

67, 58. Warming and Ventilation, by Charles Tomlinson, 2 vols, in 1 . 2s. 

59. Steam Boilers, by R. Armstrong, C.E Is. 
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6), 61. Land and Engineering Surveying, by T.Baker, C.E., 2 vols, in 1: 2s. 

62. Railway Details, by Sir M. Stephenson, Vol. I. ... 1*. 

62*. Railway Working in Great Britain, Statistical Details, Table of 
Capital and Dividends, Revenue Accounts, Signals, &c, &c, by E. 
D. Chattaway. Vol. II 1*. 

63, 64, 65. Agricultural Buildings, the Construction of, on Motive 

Powers, and the Machinery of the Steading ; and on Agricultural 
Field Engines, Machines, and Implements, by G. H. Andrews, 
3 vols, in 1 ........... 3*. 

66. Clay Lands and Loamy Soils, by Prof. Donaldson, A.E. . . . 1*. 

67, 68. Clock and Watch-making, and on Church Clocks, by E. B. 

Denison, M.A., 2 vols, in 1 2s. 

69, 70. Music, Practical Treatise on, by C. C. Spencer, 2 vols, in 1 . . 2s. 

71. Piano-Forte, Instruction for Playing the, by the same . . .1*. 

72. 73, 74, 75, 75*. Recent Fossil Shells (A Manual of the Mollusca), 

by Samuel P.Woodward, and illustrations, 4 vols, in 1, Supplement bs. 6d. 

76, 77. Descriptive Geometry, by J. F. Heather, M.A., 2 vols, in 1 . 2.?. 

77* Economy of Fuel, by T. S. Pridcaux Is. 

78, 79. Steam as applied to General Purposes and Locomotive 

Engines, by J. Sewcll, C.E., 2 vols, in 1 2s. 

78*. Locomotive Engine, Jby G. D. Dempsey, C.E Is. 6d. 

79*. Atlas of Plates to the above . , . . . . 4s. Gd. 

79**. On Photography, the Composition and Properties of the Chemical 

Substances used, by Dr. H. Ilalleur Is. 

80, 81. Marine Engines, and on the Screw, &c, by R. Murray, C.E. 

2 vols, in 1 . . 25. 6d. 

80* 81*. Embanking Lands from the Sea, by John Wiggins, F.G.S., 

2 vols, in 1 2s. 

82. 82*. Power of Water, as applied to drive Flour Mills, by 

Joseph Glynn, F.R.S., C.E 2s. 

83. Book-keeping, by James Haddon, M.A U. 

82** 83*, 83* Coal Gas, on the Manufacture and Distribution of, by 

Samuel Hughes, C.E 3*. 

82***. Water Works for the Supply of Cities and Towns. Works 
which have been executed for procuring Supplies by means of 
Drainage Areas and by Pumping from Wells, by Samuel Hughes, C.E. 3s. 

83**. Construction of Door Locks, with illustrations . . Is. 6d. 

83 (bis). Forms of Ships and Boats, by W. Bland, of Hartlip . . . Is. 

84. Arithmetic, and numerous Examples, by Prof. J. R. Young . Is. 6d. 
84*. Key to the above, by the same Is. 6d. 

85. Equational Arithmetic, Questions of Interest, Annuities, &c, by 

W. Hipsley U. 

85*. Supplementary Volume, Tables for the Calculation of Simple 
Interest, with Logarithms for Compound Interest and Annuities, • 
&c, &c, by W. Hipsley . U. 

86. 87. Algebra, by James Haddon, M.A., 2 vols, in 1 . . . .2s. 
86*, 87*. Elements of Algehra, Key to the, by Prof. Young . . Is. 6d. 
88, 89. Principles of Geometry, by Henry Law, C.E., 2 vols, in 1 . . 2s. 

90. Geometry*, Analytical, by James Hann It. 

91, 92. Plane and Spherical Trigonometry, by the same, 2 vols, in 1 2*. 
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93. Mensuration, by T. Baker, C.E 1*. 

94, 95. Logarithms, Tables for facilitating Astronomical, Nautical, Trigo- 

nometrical, and Logarithmic Calculations, by H. Law, C.E., 2 vols, 
in 

96. Popular Astronomy, by the Rev. Robert Main, M.R.A.S. . . . 1*. 

97. Statics and Dynamics, by T.Baker, C.E 1*. 

98. 98*. Mechanism and Practical Construction of Machines, On 

Tools and Machines, by James Nasmyth, C.E 2a. Gd. 

99, 100. Nautical Astronomy and Navigation, by Prof. Young. 2 vols. 

in 1 2s. 

100*. Navigation Tables, compiled for practical use with the above Is. Gd. 

101. Differential Calculus, by Mr. Woolhouse, F.R.A.S. . . .1*. 

101*. Weights and Measures of all Nations; Weights, Coins,. and 
the various Divisions of Time, with the principles which* determine 
Rates of Exchange; by Mr. Woolhouse, F.R.A.S. • . .1*. Gd. 

102. Integral Calculus, by II. Cox, M.A . 1*. 

103. Integral Calculus, Examples of, by James Ilann . . . , Is. 

104. Differential Calculus, Examples of, by J. Haddon, M.A. . . Is. 

105. Algebra, Geometry, and Trigonometry, Mnenionical Lessons, by 

the Rev. T. Penyngton Kirkman, M.A. . . . . . 1#. Gd. 

106. Snirs' Anchors for all Services, bv George Cotsell, upwards of 

100 illustrations . . . 1*. 6U 

107. Metropolitan Buildings Act, in present operation, with Notes 2s. 6d. 

108. Metropolitan Local Management Acts . . . . . Is. 6d. 

109. Limited Liability and Partnership Acts . . . . 1*. Gd. 

110. Six Recent Legislative Enactments, for Contractors, Merchants, 

and Tradesmen U. 

111. Nuisances Removal and Disease Prevention Act . . . . Is. 

112. Domestic Medicine, by M. Raspail 1*. 6rf. 

113. Use of Field Artillery on Service, by Capt. H. Maxwell, B.A. Is. Gd. 

114. On Machinery : The Machine in its Elements, Practice, and Purpose, 

by Chas. D. Abel, C.E., wood-cuts 1*. 6V/. 

llo. Atlas of Plates of several kinds of Machines, 14 plates large 

4to 4s. Gd. 

116. Rudimentary Treatise on Acoustics: The Distribution of Sound, 

by G. R. Burnell, C.E Is. Gd, 

117. On Canal Englneering and Artificial Navigation, by G. R. 

Burnell, C.E Is. Gd. 

118. 119. On the Civil Engineering of North America, by D. Steven- 

son, C.E., 2 vols, in 1 3s. 

120. On Hydraulic Engineering, by G. R. Burnell, C.E., 2 vols, in 1 . 3s. 

121. On River Engineering an*> the Construction of Docxs and 

Harbours, by G. R. Burnell, C.E. Vol. III. . .* .2s. 

122. On Fluids, by G. R. Burnell, C.E Is. 

123. On Carpentry and Joinery, founded on Dr. Robison's Work, with 

wood- cuts • , \s.Gd, 

123*. Atlas to ditto is. Gd. 



- 
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124. On Roofs for Public and Private Buildings, founded on Dr. 

Robison's Work Is. 6d. 

124*. Recently constructed Iron Roofs, Atlas of plates . . 45. Qd, 

125. On the Combustion of Coal and the Prevention of Smoke, 

Chemically and Practically Considered, by Clias. Wye Williams, 
M.I.C.E ( The 2 vols. ) 3 

126. Illustrations to ditto . • . . . \ in 1. J 

127. Rudimentary and Practical Instructions in the Art of Archi- 

tectural Modelling, with illustrations for the Practical Appli- 
cation of the Art, by J. A. Richardson, Arch. . . U, Od. 

128. The Ten Books of M. VrrRuvrus on Civil, Military, and Naval 

Architecture,* translated by Joseph Gwilt, Arch., 2 vols, in 1, in 
the press 2s. 6d. 

129. Atlas of Illustrative Plates to ditto, in 4to, with the Yignettes, 

designed by Joseph Gandy, in the press . . . 4s. Gd. 

130. Introduction to the Study and the Beauty of Grecian Archi- 

tecture, by the Right Hon. the Earl of Aberdeen, &c, &c, &c, 
in the press ... 1$. 



ME. WEALE'S 
NEW SERIES OF EDUCATIONAL WORKS. 



1, 2, 3, 4. Constitutional History of England, by W. D Hamilton . 4*. 

5, 6. Outlines of the History of Greece, by the same, 2 vols. . 2s. 6d. 

7, 8. Outline of the History of Rome, by the same, 2 vols. . 2s. 6d. 

9, 10. Chronology of Civil and Ecclesiastical History, Litera- 
ture, Art, and Civilisation, from the earliest period to the 
present, 2 vols 2s. 

11. Grammar of the English Language, by Hyde Clarke, D.C.L. . Is. 
11*. Hand Book of Comparative Philology, by the same . . . Is. 

12, 13. Dictionary of the English Language. A new Dictionary of 

the English Tongue, as spoken and written, above 100,000 words, 
or 50,000 more than in any existing work, by the same, 3 vols, 
in 1 3s. 6d. 

14. Grammar of the Greek Lanouage, by H. C. Hamilton . . . Is. 

15, 16. Dictionary of the Greek and English Languages, by H. R. 

Hamilton, 2 vols, in 1 ' 2s. 

17, 18. English and Greek Languages, by the 

same, 2 vols, in 1 2s. 

19. Grammar of the Lattn Language, by the Rev. T. Goodwin, A.B. . Is. 

20, 21. Dictionary of the Latln and English Languages, by the 

same. Yol. 1 2s. 

22, 23. English and Latin Languages, by the 

same. Vol. II. Is. 6d. 

24. Grammar of the French Language . • Is. 

* This work, translated by a scholar and an architect, was originally published at 
86*. It bears tbe highest reputation, and being now for the first time issued in this 
Series, the student and the scholar will receive it as a boon from the gifted translator. 
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25. Dictionary of the French and English Languages, by A. Elwes. 

Vol. I U. 

26. English and Fuench Languages, by the same. 

Vol.11 Is.Gd. 

27. Grammar of the Italian Language, by the same . . . . Is. 

28. 29. Dictionary of the Italian, English, and French Languages, 

by the same. Vol. 1 25. 

30, 31. English, Italian, and French Languages, 

bythesame. Vol. II 2*. 

32, 33. French, Italian, and English Languages, 

by the same. Vol. Ill 2s. 

34. Grammar of the Spanish Language, by the same . . . ,1*. 

35, 36, 37. 38 Dictionary of the Spanish and English Languages, 

by the same, 4 vols, in I 4?. 

39. Grammar of the German Language Is, 

40. Classical German Reader, from the best authors . . . . Is. 

41. 42, 43. Dictionaries of the English, German, and French Lan- 

guages, by N. E. Hamilton, 3 vols., separately 1*. each . ♦ 3$. 

44, 45. Dictionary of the Hebrew and English Languages, contain- 
ing the Biblical and Rabbinical words, 2 vols (together with the 
Grammar, which may be had separately for Is.) by Dr. Bresslau, 
Hebrew Professor ♦ 7*. 

46. English and Hebrew Languages. Vol. III. 

to complete 3*. 

47. French and English Phrase Book . . 1*. 



THE SERIES OF EDUCATIONAL WORKS 

Are on sale in two hinds of binding ; the one for use in Colleges and Schools 

and the other fur the Library. 



Hamilton's Outlines of the History of England, 4 vols, in 1. strongly 

bound in cloth 5s. 

Ditto, in half-morocco, gilt, marbled edges . . .5s. Gd. 

History of Greece, 2 vols, in 1, bound in cloth . . . . 2s. Gd. 

Ditto, in half-morocco, gilt, marbled edges is. 

History of Rome, 2 vols, in 1, bound in cloth 3s. Gd. 

Ditto, in half-morocco, gilt, marbled edges 45. 

Chronology of Civil and Ecclesiastical History, Literature, Art, 

&c , 2 vols, in 1, bound in cloth 3 s. 6.1. 

Ditto, in half-morocco, gilt, and marbled edges . . ■ . 4s. 

Clarke's Dictionary of the English Language, bound in cloth . 4s. Gd. 

, in half-morocco, gilt, marbled edges 5s. 

, bound with Dr. Clarke's English Grammar in cloth . 5s. Gd. 

Ditto, in half-morocco, gilt, marbled edges .... 6*. 
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Hamilton's Greek, and English and English and Greek Dictionary, 

4 vols, in 1, bound in cloth 5s. 

Ditto, in half-morocco, gilt, marbled edges . . .5s. 6d. 

Ditto, with the Greek Grammar, bound in cloth . . 6.y. 

Ditto, with Ditto, in half-morocco, gilt, marbled edges . 6s. 6d. 



Goodwin's Latin and English and English and Latin Dictionary, 2 

vols, in I, bound in cloth 4s, 6d. 

Ditto, in half-morocco, gilt, marbled edges 5s. 

Ditto, with the Latin Grammar, bound in cloth . • 5s. 6^. 

Ditto, with Ditto, in half-morocco, gilt, marbled edges . . 6s, 

Elwes's French and English and English and French Dictionary, 

2 vols, in 1, in cloth . 3*. 6d. 

Ditto, in half-morocco, gilt, marbled edges 4s. 

Ditto, with the French Grammar, bound in cloth . . 4s. 6d. 

Ditto, with Ditto, in half-morocco, gilt, marbled edges . . . 5s. 

French and English Phrase Book, or Vocabulary of all Conversational 

Words, bound, to carry in the pocket Is 6d. 

Elwes's Italian, English, and French, — English, Italian, and 
French,— French, Italian, and English Dictionary, 3 vols, 
in 1, bound in cloth 7s. 6d. 

Elwes's Ditto, in half-morocco, gilt, marbled edges .... 8s 6d. 

Ditto, with the Grammar, bound in cloth . . . . &s. 6d. 

■ Ditto, with Ditto, in half-morocco, gilt, marbled edges . . 9s. 

Spanish and English and English and Spanish Dictionary, 

4 vols, in 1, bound in cloth • • • . • . . . 5s. 

Ditto, in half-morocco, gilt, marbled edges .... 5s. 6d. 

Ditto, with the Grammar, bound in cloth . . ... 6s, 

Ditto, with Ditto, in half morocco, gilt, marbled edges . 6s. 6d. 



Hamilton's English, German, and French, — German, French, and 
English,— French, German, and English Dictionary, 3 vols, 
in 1, bound in cloth 4s. 

Ditto, in half-morocco, gilt, marbled edges . . . 4s. 6d. 

Ditto, with the Grammar, bound in cloth 5*. 

Ditto, with Ditto, in half-morocco, gilt, marbled edges . 5s. 6ti. 

Bresslau's Hebrew and English Dictionary, with the Grammar, 3 

vols, bound in cloth 12*. 

Ditto, 3 vols., in half-morocco, gilt, marbled edges . . . 14*. 



Now in die course of Publication, 

GREEK AND LATIN CLASSICS, 

Price Is. per Volume, (except in some instances, and those are Is. 6d. or 
2s. each), very neatly printed on good paper. 

A Series of Volumes containing the principal Greek and Latin Authors, 
accompanied by Explanatory Notes in English, principally selected from 
the best and most recent German Commentators, and comprising all those 
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Works that are essential for the Scholar and the Pupil, and applicable for 
the Universities of Oxford, Cambridge, Edinburgh, Glasgow, Aberdeen, 
and Dublin, — the Colleges at Belfast, Cork, Galway, Winchester, and Eton, 
and the great Schools at Harrow, Rugby, &c. — also for Private Tuition and 
Instruction, and for the Library. 

Those that are not priced are in the Press, 

LATIN SERIES. 



1 A new Latin Delectus, Extracts 

from Classical Authors, with 
Vocabularies and Explanatory 
Notes • Is. 

2 Dakar's Commentaries on the 
Gallic War ; with Grammatical 
and Explanatory Notes in Eng- 
lish, and a Geographical Index 2s. 

3 Cornelius Nepos ; with English 

Notes, Arc It 

1 Virgil. The Georgics, Bucolics, 
and doubtful Works : with Eng- 
lish Notes . . . . Is. 

5 Virgil's iENEn>(on the same plan 
as the preceding.) . . . . 2s. 

fi Horace. Odes and Erodes ; with 
English Notes, and Analysis and 
explanation of tho metres . . li, 

i Horace. Satires and Epistles, 
with English Notes, &c. Is. 6d. 

8 Sallust. Conspiracy of Catiline, 
Jugurthine War . . . li, Cd. 



Q Terence. Andria and Heauton- 
timorumenos 1*. 6d, 

XQ Terence. Phormio, Adelphi and 
Hecyra Il 6d. 

11 Cicero. Orations against Catiline, 

for Sulla, for Archias, and for the 
Manilian Law. 

12 Cicero. First and Second Phi- 

lippics; Orations for Milo, for 
Marcel lus, Arc. 

13 Cicero. Ho Officiis. 

H Cicero. De Amicitia, de Senec- 
tute, and Brutus . . 1*. 6oT. 

15 Juvenal and Persius, (The in- 
delicate passages expunged). 

1£ Livy. Books L to v. iu 2 parts . 3*. 

U Livr. Books xxi. and xxii. . la. 

18 Tacitus. Agricola ; Germania ; 
and Annals, Book L 

12 Selections from Tibullub, Ovid, 
Pbopertiu8, and Lucretius. 

2Q Selections from Suetonius and the 
later Latin Writers. . . Is. 6d 



GREEK SERIES, 

ON A SIMILAR FLAN TO THE LATIN SERIES. 



1 Introductory Greer Reader. 

On the same plan as the Latin 
Reader Is. 

2 Xenophon. Anabasis, L ii. iii. . 1*. 

3 Xenopuon. Anabasis, iv. v. vi. 

vii 1*. 

1 Tatcian. Select Hialogucs . . It. 

Homer. Iliad, L to vi . Is. Gd. 
£ Homer. Iliad, vii. to xii. . li ChI. 
1 Homier, Iliad, xiii. to xviii. 1*. 6d. 
fi Homer. Iliad, xix. to xxi v. 1& 6d 
fl Homer. Odyssey, L to vi. 1& Cd. 
1Q Homer. Odyssey, vii to xii. Is Cd. 

11 Homer. Odyssey, xiii. to xviii. 

12 Homer. Odyssey, xix. to xxiv. ; 

and Hymns 

13 Pi ato. Apology, Crito, andPhaedo. 
li Herodotus, i ii. 

li Herodotus, iii. to iv. 

Iii Herodotus, v. vi and part of vii. 

H Herodotus. Remainder of vii. 

viii. and ix. 

IS Sophocles ; GEdipus Rex. . . la. 
19 Sophocles ; CEdipus Colonaeus. 
2Q Sophocles ; Antigone. 

21 Sophocles ; Ajax. 

22 Sophocles ; Philoctetcs. 



21 Euripides ; Hecuba. 

24 Euripides; Medea. 
2A Euripides; Hippolytus. 
Lfi Euripides; Alccstis. 
21 Euripides : Orestes. 
23 Euripides. Extracts from tho 
remaining plays. 

29 Sophocles. Extracts from the 

remaining plays. 

30 JEschylus. Prometheus Vinctus. 

31 ^EscnvLUS. Tors®. 

32 yEscnvLUS. Septem contra Thebas. 

33 yE-CHYLUS. Choephorac. 
31 J5schylu8. Eumcnides. 
33 i^scHYLUs. Agamemnon. 
313 jEschylus. Supplices. 

31 Plutarch. Select Lives. 
3S Aristophanes. Clouds. 

32 A ristoph anes. Frogs. 

iii A ristoph a s E8. Selections from tho 

remaining Comedies. 
41 Thucydides, L . • • 'll- 
lS TnucYDiDES, ii. 

43 Theocritus, Select Id via. 

44 Pindar. 
4£ i socrates. 
Ah Hesiod. 



LONDON : JOHN WE ALE, 59, HIGH HOLBORN. 
WHOLESALE AGENTS, LOCKWOOD & CO., 7, STATIONERS' HALL COURT, B.C. 
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WORKS IN GENERAL LITERATURE PUBLISHED BY LOCKWOOD & CO. 



USEFUL ARITHMETICAL WORKS, BY DANIEL O'GORMAN. 

INTUITIVE CALCULATIONS; 

The most Concise Methods ever published. Designed for the use of all Classes — 
Bankers, Brewers, Engineers, Land Surveyors, Manufacturers, Merchants, Wine and 
Spirit Merchants, Timber Merchants, Prefessors, Teachers, <fec. With an Appendix oa 
Decimal Computation, Coins, and Currency. By Daniel O'Gorman. 22nd Edition, re- 
vised by a Licentiate of the College of Preceptors. 30th Thousand, crown 8vo, 3s. 6d. cloth. 

AN ORIGINAL AND COMPREHENSIVE SYSTEM OF SELF- 

INSTRUCTING BOOK-KEEPING BY SINGLE AND DOUBLE ENTRY. 
New Edition, 8vo, price £>$. cloth. 

THE PRINCE OF WALES'S NEW TABLE-BOOK, compiled 

from the "Intuitive Calculations;" embracing all the Tables in Money, Weights, 
and Measures, necessary for the Arithmetician; with New Tables of Decimal 
Coins. New Edition, 12mo, Sd, stitched. 



WORKS BY THE REVi WM. HARRISON, RECTOR OF BIRCH. 

THE TONGUE OF TIME; 

Or, the Language of a Church Clock. By William Harrison, A.M. of Brazenose Col- 
lege. Oxford ; Domestic Chaplain to H.R.H. the Duke of Cambridge ; Rector of Birch, 
Essex. 6th Edition, with beautiful Frontispiece, fcap., reduced to 3*., cloth, gilt edges. 

"Thfa $8 a spiritual Utile treatise, intended to | hours of the day to the edification of the soul."— 
improve practically and devotionally the twelve | Ckurehman'a Monthly Review. 

THE SHEPHERD AND HIS SHEEP ; 

AJT EXPOSITION OF THE TWENTY-THIRD PSALM. 

2nd Edition, enlarged, fcap., roduced to 2*. 6d. cloth, gilt edges. 

CONSECRATED THOUGHTS ; 

OR, A. FEW NOTES FROM A CHRISTIAN HARP. 

2nd Edition, corrected, fcap., 2*. 6d. cloth, gilt edges. 

SERMONS ON THE COMMANDMENTS, 

PREACHED IN THE CHAPEL OF THE MAGDALEN HOSPITAL. 

2nd Edition, corrected, fcap., is. cloth. 



MANUAL FOR THE BEREAVED. 

2nd Edition, fcap., reduced to 4s. 6c?. cloth, 

HOURS OF SADNESS; 

Or, Instruction and Comfort for the Mourner : consisting of a Selection of Devotional 
Meditations, Instructive and Consolatory Reflections, Letters, Prayers, Poetry, <fcc, 
from various Authors, suitable for the bereaved Christian. 

Cheap and Entertaining Books for Children. 

THE STORY OF THE THREE BEARS. 17th Edition, with 

Illustrations, oblong, now reduced to 6(2. sewed. 

THE GREAT BEAR'S STORY; or, the Vizier and the Woodman. 

With Illustrations, obloug, now reduced to 6d. sewed. 

AN HOUR AT BEARWOOD ; or, The Wolf and the Seven Kids. 

With Illustrations, oblong, now reduced to 6d. sewed. 

THE THREE BEARS AND THEIR STORIES ; heing the above 

Stories in 1 vol., with numerous Illustrations, reduced to 2s. oblong, cloth lettered. 

THE UGLY DUCK. By Haxs Andersen. Versified ; and dedi- 
cated to the Readers of "The Three Bears." Four Illustrations by Weioall. 
Oblong, now reduced to 6c?. sewed. 
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ELEGANT CHRISTMAS, NEW YEAR'S, AND BIRTHDAY GIFTS. 

Ninth Edition, fcap. 8vo, cloth, gilt edges, 568 pp., price 6*., 

TRUTHS ILLUSTRATED BY GREAT AUTHORS. 

A Dictionary of nearly Four Thousand Aids to Reflection, Quotations of Maxims, 
Metaphors, Counsels, Cautions, Proverbs, Aphorisms, &c. &c. In Prose and Verse. 
Compiled from Shakespeare and other Great Writers. 

" An achierement worthy of the highest order of 
literary genius." — Morning Adver titer. 

" The quotations are perfect gems ; their selec- 
tion evinces sound judgment and an excellent 
taste."-2>i*pafcA. 



"We accept the treasure with profound grati- 
tude — it should find its way to every home." — 
Era. 

We know of no hetter book of the kind."— 



Third Edition, fcap. 8vo, cloth, gilt edges, 536 pp., price 6s. , 

THE BEAUTY OF HOLINESS; 

Or, the Practical Christian's Daily Companion : being a Collection of upwards of Two 
Thousand Reflcctivo and Spiritual Passages, Remarkable for their Sublimity, Beauty, 
and Practicability ; selected from the Sacred Writings, and arranged in Eighty-two Sec- 
tions, each comprising a different Theme for Meditation. By the Editors of "Truths 
Illustrated by Great Authors." 



Second Edition, fcap. 8vo, cloth, gilt edges, nearly 700 pages, with beautiful 

Vignette Title, price 6*., 



the 



PHILOSOPHY OF WILLIAM SHAKESPEARE. 

Delineating, in Seven Hundred and Fifty Passages selected from his Plays, the Multi- 
form Phases of the Human Mind. With Index and References. Collated, Elucidated, 
and Alphabetically arranged, by the Editors of " Truths Illustrated by Great Authors." 



Second Edition, fcap. 8vo, cloth, gilt edges, 638 pages, with beautiful tinted lithograph 
Frontispiece and Title, after the design of Moritz Retsch, price 6*., 

SONGS OF THE SOUL, 

Diiring its Pilgrimage Heavenward : being a New Collection of Poetry, illustrative of 
the Power of the Christian Faith. Selected from the Works of the most eminent 
British, Foreign, and American Writers, Ancient and Modern, Original and Translated. 
By the Editors of "Truths Illustrated by Great Authors," "The Beauty of Holi- 
ness," &c &c. 



THE SUNBEAM STORIES. 



Now ready, the Thirty-second Edition, price la. , 

A TRAP TO CATCH A SUNBEAM. 



COMING HOME." 2*. cloth gilt (just 

published). 

THE DREAM CHINTZ. Illustrated by 
James Godwin. 2b. 6<f., with a beau- 
tiful fancy cover. 

OLD JOLLIFFE, not a Goblin Story. 1*. 
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